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Example | Find lim tan™' x

x—>%o0
Solution
y T
2 ~5 Vs Vs
S 2 So,y=—andy =—— are
2 2
' \ horizontal asymptotes for
y=tan ' x y=tan" x.
-15 -10 5 10 15 =
X
_______ oz
Y 2

. _ T ) _ aw
lim tan 'x = —— lim tan 'x = 5

Xx——0 xX—®
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1 VA
Recall f(x)=— :
X
=1
.1 .1 = _
lim — = -0 lim — = 40 horizontal
x>0 x x=0" x asymptote at
y=0.
>
0 X
.1 .1
lim —=0 lim —=0
Xt X Yoo X vertical
asymptote at
x=0.

In 2.3 these limits showed x = 0 is a vertical asymptote.

In these limits, as the denominator gets larger, the value of the fraction gets closer to zero. So, by
definition, y = 0 is a horizontal asymptote.
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M Evaluating Limits at Infinity

IE Theorem If r > 0 is arational number, then

. 1
Iim —=20

x— xr

If » > 0 is a rational number such that x" is defined for all x, then
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Example

Solution

Find: lim S1h X

e Jx

We know that —1<sinx<1.

Since x > 0 1t follows that L >0,

Jx
(1)

0.5

Right-Hand Behavior
X—>®0

-0.5

As x - 00, Vx becomes arbitrarily large, which means that

]jnl__

x—00 \ x

So from inequality (1) we get

lim— < lim

X—>0 ’

-1

sin x

X—>0 ’

]Jm——O.

X—00 ‘\’

< hm—

X—>0 ’

When we graph this function,
the limit appears to be zero.

(2) Theorem 5 -
1/2
VX X
5| Theorem If r > 0 is a rational number, then
1
lim — =0
x—® X
If r > 0 is a rational number such that x” is defined for all x, then
1
lim —=0
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Example | Find: lim >

e Jx

Solution

0 0

Applying the limits in (2) we get,

. sinx
0<Ilim

o

Thus, by the Squeeze Theorem:

<0.

sin x

lim——=—=0, and y =0 1s a horizontal asymptote.

e [y

Right-Hand Behavior
X—>®0

) . sinx ..
i~ < lim < limm— 2
S dr ey ,22/ - @

When we graph this function,
the limit appears to be zero.
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4

Definition Infinite Limits at Infinity

lim f(x) = co.

X—00

X——00

If f(x) becomes arbitrarily large as x becomes arbitrarily large, then we write

The limits lim f(x) = —co, lim f(x)=co,and lim f(x)= —co are defined similarly.
X——00

For polynomials

lim f(x) = co

X——c0

Left-Hand Behavior

X—=00
n>0even:
lim x" =0
X—=Zoo
y of

n>0o0dd:
lim x" =
X—=o0
: _ lim x?"=-
lim f(x) = oo o i

X—00

Right-Hand Behavior

Y

ral I LR L 2

lim f(x) =00

X—00

Right-Hand
Behavior

Left-Hand Behavior

lim f(x)=—-o0

X——o0

0
14
21
34
41
54
64
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Example | Evaluate the following limit and indicate which properties of limits are used at each stage.

3x2—x—2

lim —;
x—w 5x° + 4x + 1
Solution
3xF —x — 2 0 0
P -2 X }21303—}2{;—2%—5
= lim
o 52+ dx + 1 xow 52+ dx + 1 = (by 1,2, and 3)
o 2 }1_r)r°10 5+ 4"1}_0){{ +‘%—z (by Theorem 5)
+00 ; 2 0 0
"Indeterminate Form" . xZ _3-0-0 (by 8 and Theorem 5)
_)}Eg - 1 >H0+0 Left-Hand Behavi 3
s _ eIt-ran ehavior yA _=
SH—+5 3 S 7S
1 2 5 o] /1 X
)EI_IBO Ty x2 The results of these calculations show Kight-Hand Behavior
= 1 " that the graph of the given rational
lim ( 5+ — + _2> function approaghes the horizontal
e X X asymptote y = ~as x — +oo. Similarly,
y = gas X — —oo,
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Theorem Limits at Infinity of Powers and Polynomials

Let n be a positive integer and let p be the polynomial
p(x)=ay X"+ ay_1 X7 + o + ay x* + ay x + ag. where a,, # 0.

1. lim x" = co when n is even.
X—=*oco

2. lim ¥" = coand lim x" = —co when n is odd.
X—00 X—>—00
1
3. i — = lim x™ " =0.
X—I)Iir-loo x" x—iril-loo *

4. lim p(x)= lim a,x" = +co, depending on the degree of the polynomial and

X—*oo X—>*oo

the sign of the leading coefficient @,. Dominating Term Effect (DTE)
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Example | Evaluate the limits as x — *+co of the following function

gx)=-2x+3%-12

Solution

Theorem Limits at Infinity of Powers and Polynomials (DTE)
lim (—2x° +3x* = 12)% lim [-2 x° |=-c0
X—00 —‘_\ X—00 oo

Dominating term

/
lim (-2x°+3x*-12)’= lim (—2 x )=oo

—
X—=—00 X—=—00 N
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g(x) —> o0 as x — —o

Left-Hand Behavior | llm g(x) =

X = —

lim ¢g(x) = — Right-Hand Behavior

X —=>00

g(x) > —0 asx — ©
—-20
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3P —x-2
lim

== 5¢% + 4x + 1

Algebraic Limits

Method I
32 —x-—2 12
3 x* ) x  x°
= lm—= lim
i=n SxP 4 dx+ 1 wow 1
X" X %"
. ( 12 )
m{3—-——-—
i e AR,
4 1
il =+ —
X—% X x°
. . 1
im3— lim— — 2lim—
_ xX—>0 x—% X x>0 X°
: .1 o1
im5 + 41lim— + lim —
X—>% x—®x X x—w X~
~3-0-0 T 5
S+0+0 heorem
3

5

Method I1

. 3xT—x=2
lim ————
w0 5x7 +4x+1

2
DIE,. 3X
=lim —
X—o0 5x

= lim3

x>0 §

3

5
Which method do you like better?

Theorem Limits at Infinity of
Powers and Polynomials (DTE)

DTE can only be used with polynomials!
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Example

Solution

5 4 2
Find lim 2~ M L
xo+0 3yt _S5x 47 0

Dominating term effect for rational functions (DTE) we get,

o2 X =t 2% . _ .
lim 2 = lim — Dominant terms in numerator and denominator
x>t 3x" —5x47 x—>+o0 Jy
.2
= lim = x°
x>+ 3

= 400
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Theorem End Behavior and Asymptotes of Rational Functions
p(x)

Suppose f(x) = —— is a rational function, where
X
p(x)=ay X" +a,_, g +azx2 +ay x+ay and
gX)=by X'+ by, X+t by X+ by x+ b
and a,, + 0 and b,, # 0.
a. Ifm<mn,then lim f(x)=0,and y= 0 is ahorizontal asymptote of f.

X—>*o0

b. Ifm=mnthen lim f(x)=a,/b,.and y = a, /b, is a horizontal asymptote of f.

X—>*o0

c. Ifm>n,then lim f(x)= coor — oo, and f has no horizontal asymptote.
X—>*o0

d. Ifm=n+1,then lim f(x)= coor—oco, f has no horizontal asymptote, but f has

X—*oo

a slant asymptote.

e.  Assuming that f(x) is in reduced form (p and g share no common factors), vertical
asymptotes occur at the zeros of g.
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Example

Vat =|A 13|=13

x| =

—x if x<0

Piecewise Function
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In general, we get the following 2 cases for roots of powers of the form /x*”
AssumexeR, n>2, k>1, nandkeZ".

Cases 1: n 1s even

x* if x>0
2k — ‘x"‘: x* if x<O0, k even
—x* if x<0, k odd

Cases 2: nis odd

[ k- k
nxkn:x

The sign of x* we follow the rules of a polynomial function.
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103 -3x%+8

lim (10x3 —3x+ 8)

X —>+®

Example | Determine the end behavior of f(x) = — :
\/ 25x% +x*+2
Solution Left-Hand Behavior
Right-Hand Behavior 3 2
lim — I P o= 25x8 +x* +2
X \/25x +x"+2 lim (25x +x +2)
X —>+0 —0
o0 DTE ’ 10x3 E—
—_— = lim o0
o0 X—>+0 /25x6
o 10x° Note:
= lim .
x—)+005‘x ‘ ‘x3‘:x3’
10x° since x >0
- XIEEO 5.0 X = 40
= lim 2
=2

= lim

lim (25x6 +xt+ 2)

X—>+0

10x°

sincex< 0

X —> —©0





image23.png
Example

Solution

So y =2 and y = -2 are horizontal asymptotes.

Determine the end behavior of f(x) =

10 x3 — 3 x2 -

-8

_'w Scratchpad RAD@X
6.654Y

i

f2(x)=2,

1 10

>

-6.65

3 2
10-x7-3-x“+8
()L XT2 X748

6, 4

f1

25-x 7 +x T +2

V2535 +5% 42
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Example | Find the limit or show that it does not exist.

lim (V422 + 3z + 2x)

rT—r— 00

Solution

JAZ A
lim (\/4112 F 32 2:1:) — lim (\/4ZB2 + 3z + 2:1;) H Z:B
LT =00 T——00 T4 + o — 2%

o s (a7 4 32) — (22)°
" T " = 1m
Indeterminate Form v—moo /22 T B2 — %
) 3x
= lim -
wr——00 \/4x? + 31 — 21

DTE 3x

= lim
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Example | Find the limit or show that it does not exist.
lim (V422 + 3z + 2x) o0 — 0
Solution
3y Note:
lim (V422 + 3z 4 2z) = lim ——— x| =—x
T— —00 x**“°2|X|—2X - ’
since x <0
3x X —> -0

= lim ————
¥ =D x —2X

. 3x

= lim —

X—>—0 _4X

= lim (—3 j

X—>—© 4
_ 3
; 4

So y =—= is horizontal asymptotes.

4

lim (\/4x2 +3x +2x) = 400400

X—>+0

=+

y=V -Lv2 +3x + 2x
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End behavior of transcendental functions

Example | Determine the end behavior of the following transcendental functions.

a. f(x)=e¢‘and f(x)=e "
b. gx)=Inx

c. f(x)=cosx

Solution

a. lime*=ocoand lim ¢*=0

X—=00 X—=>—00
lime*=0and lim e =
X—=00 X—=>—00

Hence, y = 0 is a horizontal asymptote.
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b. The domain of In x is {x : x > 0}, so we evaluate lim In x and

x—0"
lim In x to determine end behavior. For the first limit, recall that In x
X—00
. . =0
is the inverse of e* X N ,
flx)=¢"

Iim Inx = o0
X—00

There 1s no left-hand behavior because of the domain restriction. . _
1m Inx =
‘\‘—)w

Hence, there is no horizontal asymptote.

Iim Inx = - h(x) =f_1(x) =Ilnx

x—0" >
X

] Reflection of y = ¢&*
across liney = x

So, x =0 is a vertical asymptote. ’

lim Inx = —o0
x>0t
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C. The cosine function oscillates between —1 and 1 as x

approaches infinity (Figure 2.45). Therefore, lim cos x does not exist.
X—00

For the same reason, lim cos x does not exist.
X——00

f(x) = cosx

_l_

lim cos x does not exist. lim cos x does not exist.
X—>—00 X=>®
Figure 2.45

Similarly, lim sinx, lim tanx, lim secx, lim cscx, lim cotx, do not exist.

X—>to0 xX—>+o0 X—>+o0 X—>+o0 X—>to0
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In summary,

Example

Solution

lim (e" tan™" x) = lim e* - lim tan' x

X—>—0

Theorem End Behavior of ¢*, e, and In x

is given by the following limits:
lime*=c0 and lim &*=0,

X—o0 X—>—-—0
lime™=0 and lim e =oco,
X—o0 X—=-—00
Iim hx=-0c0 and Im Inx= 0.
x—0* x—00

The end behavior for ¢* and e~ on (—c0, 00) and In x on (0, o0)

Find lim (ex -tan” x) Ve

X—>—00

y=e -tan'x

X—>—00 X——0
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Example

Compute the following limits.

3 6
X +Xx . [—1IT1
(a) hm - (b) hmw—\/_
T\ J4x7 +3 0 277 +31=5
Solution
. 3 lim(x6+x)
(@) lim =
>0\ JAx? +3 lim (4x2 +3)
X—>—n
z " i
o0 X—>—0 /4x2
) Note:
— lim =
X——0 2 ‘x‘ |x| - _x’
, since x <0
.Xx
= lim X —> —o0
X—>—00 _2x
X
=—lim —

(©
~~(=0)
=0
x+x
Y= >
4x° +3

. 3-5¢"
lim -
x>0 ] 4 Qe
A
y
2
1
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Example

Compute the following limits.

(a) lim ——
>0 JAx* +3 =0 2t
Solution
AN t—1" L
b) lim =lim L
() J 207 +3t=5 5= 21 4315 4
—o O
-1
o0 _ii /2
P 5
" & _>@
0 0
=lim (_—lj
—x0 2
1

. -t
b) Im————
(6) lim 2 43r-5

. 3-5¢"
¢) lim
© x| 4 2e"
05
y
+ e
0 250 500
X
0B = = —————————
:_l
Y 2
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Example | Compute the following limits.

fiex i 3-5¢

(@) lim b) lim (c) lim
X—>—0 /4x2 +3 ( ) x—m 21‘3/2 +3l‘_5 x—>F0 1+2€x
Solution
. 3-5¢" 3_5¢° L 0
| = L . 3-8¢"
© s +2¢e" )1(1_1)1(1 1+2¢° L lim /S/e' = lim (ij
o x——n | 4 X x—>-o| |
0 0
—0
— 7?[_ 5 =3
© — lim 61
Hw%ﬁ 2
€%
=lim (_—Sj
x—=ol 9
_ 5 3 __3
- 5 y=-3
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In summary,
Indeterminant Forms

The following expressions have no meaning and are thus called indeterminant forms. We will study
these along with other indeterminate forms further using L'Hospital’s Theorem in Chapter 4.4.

(i) % (iiii) o0 —oo

o More to come!!
(i) — (iv) £o0-0

o0

Meaningful Expressions Involving 0 and oo

Let k be a fixed nonzero real number.

(1) ©0+o0=00 (iv) 00-0 =00
(11) ® 4w depending on the sign of k& (v) 0 =0
k +o0

(ii1) k-oo =00 depending on the sign of & Bring on the homework!!
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2.6 | Limits at Infinity; Horizontal Asymptotes

Euclid of Alexandria
325 -265 B.C.

Euclid was a Greek mathematician best known for his treatise on geometry: The Elements.
This influenced the development of Western mathematics for more than 2000 years and
counting.
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Let’s begin by investigating the behavior of the function f defined by

f(x)

#5110
#50
*100
+1000

=i
0
0.600000
0.800000
0.882353
0.923077
0.980198
0.999200
0.999800
0.999998

[SS]
l
I

) =5
B x* -1
So, we say, 11m ———=1 and Ilim =1
s X7 + 1 x> x? 41

These limits shows that f'(x) has a horizontal asymptote at y = 1.

Left-Hand Behavior Right-Hand Behavior

X —> —0 X —> 100

>
X
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m Intuitive Definition of a Limit at Infinity Let f be a function defined on
some interval (a, «). Then

lim f(x) =L

X—> 0

means that the values of f(x) can be made arbitrarily close to L by requiring x to
be sufficiently large.

Another notation for lim,_... f(x) = L is

f(x) =L as x—

The symbol o does not represent a number. Nonetheless, the expression lim f(x) = Lis
often read as x_)w
“the limit of f(x), as x approaches infinity, is L”

or “the limit of f(x), as x becomes infinite, is L”

or “the limit of f(x), as x increases without bound, is L”
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We take limits to infinity to analyze end-behavior of functions.

=Y

lim f(x)=1L lim f(x)=1L lim f(x)=1L

X—=00 X—=00 X—=00

Right-Hand Behavior Right-Hand Behavior Right-Hand Behavior
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[2] Definition Let f be a function defined on some interval (—o, a). Then

lim f(x) =1L

x—> —o

means that the values of f(x) can be made arbitrarily close to L by requiring x to
be sufficiently large negative.

YA YA
y=flx)
/ y=fx)
y=L
y=L \/—\
0 X 0 X
lim f(x) =L lim f(x) =L

Left-Hand Behavior Left-Hand Behavior
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El Definition The line y = L is called a horizontal asymptote of the curve
y = f(x) if either

lim f(x) =L lim f(x) =L

X—>0 X—>—®

Example Find the infinite limits, limits at infinity, and asymptotes for the function f whose

graph is shown in the figure.

Solution
y=4 «---
im = 00 .
x—»—nf(x) y=2 <=+

‘irgl flx) = —© and lim f(x) = oo

[hus both of the lines x = —1 and x = 2 are vertical asymptotes.

lim f(x) = 4 and lim f(x) =2

x—>0 xX—>—®

This means that both y = 4 and y = 2 are horizontal asymptotes.





