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image7.png
Example | Explain why the function below is discontinuous at the given number a. Sketch the graph of the

function.

COS X if x<O0
f(x) =10 if x=0 a=0
1 —x% ifx>0

Solution

From the Continuity Check list we get
1. f(a) is defined (that is, a is in the domain of f)

2. lim f(x) exists

xX—a

3. lim f(x) = f(a)

X—a

L f(0)=0
2. Sincelimcosx=1 and lim(1-x*)=1
x>0 x—=0"

then lim f(x) = 1 exists [4

x—0

3. But

lim f'(x) = £(0) (%)

x—0

So, fis not continuous at a = 0.

B o
2 _'w' Scratchpad RAD@X
/ﬂ°§”°<°° |

L 4
-2 1

wy X

£1(x)=flx)

axes
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Types of Discontinuities

YA

An undefined discontinuity

YA

An infinite d

1scontinuity

=Y

0

o
1+ e—o
4t
o0 1 2 3 «x
—

A jump discontinuities
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Example | Consider the function

3
f(x) _* _11 , domainis x € (—oo,l) U(1,+00)
x_

(a) Show that f has an undefined discontinuity at x = 1 (a hole in the graph).

(b) Redefine f(x) as a piecewise function so that f'is continuous at x = 1 (and thus “remove” the undefined
discontinuity).

Solution | Recall: @’ -5’ =(a—b)(a’ +ab+b*)

) -1 2 :
lim ~ =lim M(X +a+1) =lim (X’ +x+1) =1+1+1=3

-l x—1 xol x=T X1

A hole at (1,3) , undefined discontinuity.

3
x7-1

f1(x)=

x-1

11

wy x
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(b) Redefine f'(x) as a piecewise function so that fis continuous at x = 1 (and thus “remove” the undefined
discontinuity).

Solution
x -1 x#1
J(xX)=49x-1"
3, x=1
(1.3)
Take x =1, it follows ﬂ(x)=x3_—11
1. f()=3exists . 11 1 5

2. lim f(x)=3 exists, shown in part (a)

x—l1

3. lim f(x)=f(3)

x—1

Hence, by definition, fis continuous at x = 1.
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Fixable Discontinuities
YA

An undefined discontinuity

Non-fixable Discontinuities
YA

An infinite discontinuity

=Y

YA

1 1 >
/ 0 1 2 X

*—0

@0
1+ e=—o
e e ——
0 1 o2 3 X
—

A jump discontinuities
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[2] Definition A function f is continuous from the right at a number a if

lim f(x) = f(a)

x—at

and f is continuous from the left at a if

lim f(x) = f(a)

x—>a~

Continuity Checklist

continuous from the right
1. f(a) exists
2. lim f(x) exists

x—a’

3. lim f(x)=f(a)

x—a

continuous from the left
1. f(a) exists
2. lim f(x) exists

x—a

3. lIim f(x)= f(a)

x—a
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Example | For the function below, discuss the integer values where y = f'(x) is

continuous and explain.

2 1

Solution

It 1s continuous at x =0, x =3 and x =4.

Take x =0, since
1.  f(0)=1 exists

2. lirg f(x) =1 exists
3. lim f(x)= f(0)

Hence, by definition fis continuous
from the right at x = 0.
Sometimes called right-continuous.
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Example | For the function below, discuss the integer values where y = f'(x) is

continuous and explain.

2 1

Solution

It 1s continuous at x =0, x =3 and x =4.

Take x =3, since

1. f(3)=2 exists

2. lim f(x)=2 exists

x—3

3. lim f(x)= £ (3)

x—3

Hence, by definition f'1s continuous at x = 3.
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Example | For the function below, discuss the integer values where y = f'(x) is

continuous and explain.

Take x =4, since

1. f(4)=1exists

[ ]
: \._/\ 2. lim f(x)=1 exists
x—>4"
| | 3

lim 7(x) = f(4)

N
1 2 3 4 X NS

2 1

Hence, by definition fis continuous
Solution from the left at x = 4.
Sometimes called left-continuous.

It 1s continuous at x =0, x =3 and x =4.
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Example | For the function below, discuss the integer values where y = f'(x) is

not continuous and explain.

2 1

Solution

It is not continuous at x =1 and x = 2.

Take x =1, since
1. f(1)=1 exists

2. lim f(x) DNE

x—1

3. lim f(x) = f(1)

x—1

Hence, by definition f'is
discontinuous at x = 1.
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Example | For the function below, discuss the integer values where y = f'(x) is

not continuous and explain.

2 1

Solution

It is not continuous at x =1 and x = 2.

Take x =2, since

1. f(2)=2 exists

2. lim f(x)=1 exists

x—2

3. lim f(x) # £(2)

x—2

Hence, by definition fis
discontinuous at x = 2.

Determine the intervals where
y =f(x) is continuous.

xe[0.1)U[1,2)U(2,4]
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[3] Definition A function f is continuous on an interval if it is continuous at
every number in the interval. (If f is defined only on one side of an endpoint of the

interval, we understand continuous at the endpoint to mean continuous from the
right or continuous from the left.)

Example | Show that the function f(x) = 1 — 4/1 — x? is continuous on theinterval [—1, 1].

Solution | If —1 < a < 1, then using the Limit Laws from Section 2.3, we have

lim f(x) = lim (1 — /T — x2)

X—a xX—a

I

I

=i
E—

I

=
&}
~

by Laws 2 and 8)

Il
I
—_—
=
=
—~
—
I
=
o
~
~~

by 7)

I

I
k.

I

N
(S8
~~

by 2, 8, and 10)
= f(a)

Thus, by Definition I, f is continuous at ¢ if —1 < a < 1.
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Example | Show that the function f(x) = 1 — /1 — x? is continuous on the interval [—1, 1].

Solution | For the endpoints x = —1 and x = 1, similar calculations show that

lim () =1=f(-1) and  lim () =1=Ff()

so f is continuous from the right at —1 and continuous from the left at 1. Therefore,
according to Definition 3, f is continuous on [—1, 1].

YA

y=1-i-x
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M Properties of Continuous Functions

Some convenient theorems, which shows how to build up complicated continuous functions from simple ones.

Izl Theorem If f and g are continuous at ¢ and c¢ is a constant, then the follow-
ing functions are also continuous at a:

1. f+g¢g

4. fg

[5] Theorem

(a) Any polynomial is continuous everywhere; that is, it is continuous on
R = (—o0, o).

(b) Any rational function is continuous wherever it is defined; that is, it is contin-
uous on its domain.
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Theorem The following types of functions are continuous at every number in
their domains:

* polynomials * rational functions * root functions
* trigonometric functions * inverse trigonometric functions

* exponential functions * logarithmic functions

Theorem If f is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b).
In other words, e e

lim f(g(x)) =f( lim g(x)) = 1(b).

xX—a X—a

El Theorem If g is continuous at ¢ and f is continuous at g(a), then the com-
posite function fo g given by (fe g)(x) = f(g(x)) is continuous at a.

Let’s look at some examples.
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Example

Explain, using Theorems 4, 5, 7, and 9, why the function below is continuous at every number in
its domain. State the domain.

L(v) = vIn(1 — v?)

Solution

L(v) = vIn(1 — v?) is defined when
1—v*>0
v? <1
lv] <1

—-1l<v<l1
Thus, L(v) has domain v € (-1, 1).
Now v and the composite function In(1 — v?) are continuous

on their domains by Theorems 7 and 9. Thus, by part 4
of Theorem 4, L(v) is continuous on its domain.
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4| Theorem If f and g are continuous at « and c is a constant, then the follow-
ing functions are also continuous at a:

1. f+yg 2. f—g 3. cf
4. fg 5. i if gla) # 0

g
5| Theorem

(a) Any polynomial is continuous everywhere; that is, it is continuous on
R = (=00, ).

(b) Any rational function is continuous wherever it is defined; that is, it is contin-
uous on its domain.

7| Theorem The following types of functions are continuous at every number in
their domains:

* polynomials e rational functions * root functions
* trigonometric functions * inverse trigonometric functions
* exponential functions * logarithmic functions

9| Theorem If g is continuous at « and f is continuous at g(a), then the com-
posite function fo g given by (fo g)(x) = f(g(x)) is continuous at a.
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its domain. State the domain.

L(v) = vIn(1 — v?)

Solution
L(v) =vIn(1l - ”02) 1s defined when v=-1
1—v*>0
v? <1
lv| <1
-1<v<l1

Example Explain, using Theorems 4, 5, 7, and 9, why the function below is continuous at every number in

L(v) = vin(1 —v?)

Thus, L(v) has domain v € (—1, 1).

Now v and the composite function In(1 — v?) are continuous
on their domains by Theorems 7 and 9. Thus, by part 4
of Theorem 4, L(v) is continuous on its domain.

What happens to the function at x = —1 and x = 1?
lim L(v) = (=1)(—o) = +o0 linlg L(v)=(1)(—0)=-0

v—>—1"

'
—— e ——— —— —— —— — e ek de ——— — —

T e e e ek e e — — — — — — — — -
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Example

Solution

lim arcsin

x—1

x—1

Evaluate lim arcsin

- Vx

Il —x

Because arcsin is a continuous function, we can apply Theorem 8:

1-+x

1—x

= arcsin

= arcsin

= arcsin

= arcsin

lim

x—1

lim

x—1

1-+x

l1—x

1-vx 1++x

1-x 1++/x

Unit Circle
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Example | Find the values of a and b that make f continuous everywhere.

x> —4

x—2
FO= Vo —pr+3 if2=x<3

2x—a+b if x=3

if x<2

2_ —
oA gy EEDEZD a2 —242-4
r—2—

r—s2— rz—2— T — 2 z—s2— x — 2

lim f(z) = lim (az® —bx+3) =4a —2b+3
r—2+ r—2+

Wemusthave 4a —2b+3 =4, orda —2b=1 (1)
Atz =3: lim f(z) = lim (az® — bz +3) =9a — 3b+ 3

r—3" x—37
lim f(z)= lim 2z —a+b)=6—a+b
z—3+ x—3T

We must have 9a — 30+ 3 =6 —a+ b,or10a — 4b =3 (2).
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Example | Find the values of a and b that make f continuous everywhere.

2
—4
al if x<2
- x—2
flx ax* —bx+3 if2=<x<3 (2,6)

Solution 1

vy x

10a — 4b =3 (2) System of Equations

Now solve the system of equations by adding —2 times equation (1) to equation (2).
{ 8a +4b= —2
10a —4b= 3
2a = 1

Soa = % Substituting % for a in (1) givesus —2b = —1,s0b = % as well.

{4a—2m:1(n

1

Thus, for f to be continuous on (—o0, ), a = b = 5 -
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B The Intermediate Value Theorem

The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number ¢ in (a, b) such that f(c) = N.

The Intermediate Value Theorem states that a continuous function takes on every inter-
mediate value between the function values f(a) and f(b). It is illustrated by Figure 8. Note
that the value N can be taken on once [as in part (a)] or more than once [as in part (b)].

a &

FIGURE 8 (a) (b)
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Example | Use the Intermediate Value Theorem to show that there is a solution of the given equation

below in the specified interval.

er=3—2x, (0,1)

Solution

The equation e* = 3 — 2 1s equivalent to the equation e + 2x — 3 = 0.
f(x) = e” + 2z — 3 is continuous on the interval [0, 1],
f(0)=—-2,and f(1) =e — 1~ 1.72.
Since —2 < 0 < e — 1, there is a number c in (0, 1) such that f(c¢) = 0 by the Intermediate Value Theorem.

Thus, there is a solution of the equation e” 4 2z — 3 = 0, or ¢* = 3 — 2z, in the interval (0, 1).

A | Scratchpad rap [I] X

f1(x)=eX+2- x-3

iy x
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2.5 | Continuity

Apollonius of Perga
262 -190 B.C.

Apollonius was a Greek mathematician known as 'The Great Geometer'. His works had a
very great influence on the development of mathematics and his famous book Conics
introduced the terms parabola, ellipse and hyperbola.
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Most of the techniques of calculus require that functions be continuous. A function is continuous if
you can draw it in one motion without picking up your pencil.

Length of Fish Parking Meter Cost

=
>

)
(7
]
1

.E: % 1.00 T '\Y = (‘([) H
= S 075 O———e

b5 2

9 G 0350 o—e

0.25 Q@

Time (min)

[1] Definition A function f is continuous at a number a if

lim f(x) = f(a)

X—>a
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Continuity Checklist

In order for f to be continuous at a, the following three conditions must
hold.
f(a) 1s defined (a 1s in the domain of f).

lim f(x) exists.
X—=a

lim f(x) = f(a) (the value of f equals the limit of f at a).

X—=a

y=flx)
fx) )
approaches + 1. f(a) is defined
fla). | _ .
: 2. lim f(x) exists
[ .
/\ | 3. lim f(x) = f(a)
0 R ; X
As x approaches a,
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Example

x2

(@ flx) =

Solution

—x—2
if x 72
=2 if x

Where are each of the following functions discontinuous?
( 2
2
—x—2
(b) f(x) =1
x—2
(1

(a) From the Continuity Check list we get

1. f(a)isd
2. lim f(x

X—>a

3. lim f(x

xX—a

1. /(2) is unde

efined (that is, @ is in the domain of f')

exists

=f(a)

fined, division by zero. @

So, f(x) is discontinuous at x = 2.

if x=2 1) =

Undefined Discontinuity at x = 2.
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Example | Where are each of the following functions discontinuous?
(5 2
X" —x—
x*—=x—2 — ifx#2
(a) f(x)=x_—2 (b) f) =9 x—2
L1 if x=2
Solution = lim (x + 1)
x—2
(b) From the Continuity Check list we get =3
1. f(a) is defined (that is, a is in the domain of f)
2. lim f(x) exists S0, the £1£121f(x) =3 exists.
3. lim f(x) = f(a) 3. But
lim £(2) # £(2) @)
1. £(2) =1 is defined =
2 —x—19 So, fis not continuous at 2.
2. lim f(x) = lim
x—2 x—2 X — 2
. =2 x + 1)
= lim
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Example

given number a.

f=34r>=2r+7, a

-2

Solution

From the Continuity Check list we get
1. f(a) is defined (that is, a is in the domain of f)

2. lim f(x) exists

3. lim f(x) = f(a)
L f(=2)= {/4(-2)2 —2(-2) + 7
= V27
= 3 is defined
2. lim2 flr) = lim2 SAr2 —2r + 7

Use the definition of continuity and the properties of limits to show that the function is continuous at the

_'w' Scratchpad

6.65

pes [l] X

-10

= 3/ lim (472 —2r 4 7)

r——2

5(—2) 1 7

— /12
= V27

— 3 exists
3. lim2 f(r)

Hence, f(r) is continuous at » = —2.

-6.65

f(=2)





