6.1 | Areas Between Curves

Johann Carl Friedrich Gauss
1777 — 1855

Gauss worked in a wide variety of fields in both mathematics and physics including number theory, analysis,
differential geometry, geodesy, magnetism, astronomy and optics. His work has had an immense influence in
many areas.




M Area Between Curves: Integrating With Respect to x
Consider the region S shown in Figure 1 that lies between two curves y = f(x) and
y = g(x) and between the vertical lines x = «¢ and x = b, where f and g are continuous
functions and f(x) = g(x) for all x in [a, b].
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Approximating rectangles




M Area Between Curves: Integrating With Respect to x

Consider the region S shown in Figure 1 that lies between two curves y = f(x) and
y = g(x) and between the vertical lines x = «¢ and x = b, where f and g are continuous

functions and f(x) = g(x) for all x in [a, b].
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The Riemann sum S =~ >, [ f(x¥) — g(x)] Ax
i=1




B Area Between Curves: Integrating With Respect to x

This approximation appears to become better and better as n — oo. Therefore, we define the area 4 of
the region § as the limiting value of the sum of the areas of these approximating rectangles.

A= lim 3 [/0e) — gl Ax

Therefore, we have the following formula for area.

[2] The area A of the region bounded by the curves y = f(x), y = g(x), and the lines
X = a, x = b, where f and g are continuous and f(x) = g(x) for all x in [a, b], is

A={"Tf) ~ g]dx




B Area Between Curves: Integrating With Respect to x

y

A

Top Curve /_\
y=fx)
\ f(x) = gx)
Area =4
L //. > X dx
1 / )‘C b
/
Bottom Curve y = g(x) Area of Rectangle = Height - Width

A=[f(x)-g(x)]dx

b
Area between the curves = I [ f(x)— g(x)] dx
Area = Ib(Top Curve — Bottom Curve)- Width

Area = J.ab (yr — yp)dx




Example | Find the area of the region bounded between the two curves.

A
)

)
\ f(x)zz_xz f(x)

(_1> 1) !
J(x)-g(x)

dx —

g(x)

g =-x N (2,-2) Since this strip is a long thin rectangle, the area is:
2 5

A =length - width = ( f(x)— g(x))dx
A =length - width = (2 —x*+ x)dx

If we add all the rectangles, we get: _[21 (2—- x>+ x) dx




Example | Find the area of the region bounded between the two curves.

A Solution
)?
5 2
O\ S@=2-x A= @-x+x) dx:{Zx—lx3+lx2}
(-1,1) : B P2 4
=[4—§+2J—(—2+l+lj
2 1 0 X 3 3 2
E :6—§+2—l—l
3773 2
2 8D =% 36-16+12-2-3
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Example

A

Find the area bounded by the curves y = \/;, y=x—-2,andy=0.

Solution

We must integrate in two separate regions:

A:J-Oz\/; dx+.|‘24[\/;—(x—2)]dx

= _[:x”z dx+_[24[x”2 —x+2]dx

= [%me +[gx3/2 —lx2 +2x}4
3 o L3 2

2
:%-23/2 +(§-43/2 —%-42 +2-4j—@-23/2 —%-22 +2.2

:¥+?—8+8—¥+2—4

:E—2=? units®

3 Is there an easier way?

J




Example | Find the area bounded by the curves y = Jx, y=x-2,and y=0.

y 3“ We can find the same area using a horizontal rectangle.
Since the width of the rectangle is dy, we find the length
» of the rectangle by solving for x in terms of y.
YA
y
d
y=0
0 3 4 .

/ 0 X
d
y=x y=x-2 A= (TG — 9] dy
x =y’ x=y+2 Area = I’d(Right Curve — Left Curve)- Width
g =y f=y+2 Areazfd(xR—xL)dy




Example | Find the area bounded by the curves y = Jx, y=x-2,and y=0.
A
Y3 Solution
d
: 4.2) A=["[f() -] dy
’ A= _[02[( v+ 2) - sz dy What are the limits?
=0
d - length of
0 3 4
X x rectangle
! width of strip
_ Lo L]
=| =y 42y—=
/ [2 Y +2y-3Y l
y=+/x y=x-2 :2+4—§
xX=y X=Yy +2 10 L .
e =y ()= y+2 =~ units That was a lot easier!




B Area Between Curves: Integrating With Respect to y

.‘.

x=g(y) A x=f()
/ - \ Area of kth rectangle
i = (fO}) - g0 Ay
. . z _ . d
2y [ . 4= lim )" (FO}) - g07) Ay = f (S - g dy
EOR, ) oo $------ ) AR iy c
N\ 7 _ Area=["(Right Curve — Left Curve)- Width
Area of region: 4 ~ Z(f@,‘() - gD Ay Area = j‘d (xR — xL) dv
k=1 c .

Definition Area of a Region Between Two Curves with Respect to y

Suppose that f and g are continuous functions with f(y) = g(v) on the interval [c, d].
The area of the region bounded by the graphs x = f(y) and x = g(y) on [c, d] is

d
A= f (SO —-g)dy.




If we are asked to find the area between the curves y = f(x) and y = g(x) where f(x) > g(x) for some
values of x but g(x) > f(x) for other values of x, then we split the given region § into several regions
S, S,, ... with areas 4, 4,, . . . as shown in the figure.
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)
Q

S
=Y

[3] The area between the curves y = f(x) and y = g(x) and between x = ¢ and
x=>bis

A= ") = g()] dx




Example | Find the area of the region bounded by the curves y =sinx, y=cos x, x =0, and x = 1t /2.

Solution VA

al2 y =cosx

A=f0 |cos x — sin x| dx = A, + A, /

/4 . w/2 , . AI Az
= fo (cos x — sin x) dx + LM (sin x — cos x) dx v=0

. /4 ) /2 ! >
= [sm X + cos x]o + [—cos X — sin x]w/4 0 i » T

4 2
= L+L—0—1 + —O—1+L+L
o 2 2 22 What’s the point of intersection?
sin x = COS X

= 2,/2 — 2 units? y—F
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General Strategy for Area Between Curves:

Sketch the curves.

Decide on vertical or horizontal rectangle connecting the
boundary curves. (Pick whichever is easier to write
formulas for the length of the rectangle, and/or whichever
will let you integrate fewer times.)

Write an expression for the area of the rectangle.
(If the width is dx, the length must be in terms of Xx.
If the width is dy, the length must be in terms of ).

Find the limits of integration. (If using dXx, the limits are x

values; if using dy, the limits are y values.)

Integrate to find area.




Example

Solution

By solving the two equations simultaneously we find the points
of intersection are
Vertical or horizontal rectangles?

x=y+I
Y =2x+6
2

We solve the equations for x

B _6 1

12 =2(y+1)+6 =l x:yz ::52_
i S =y+1

y =2y-8=0 g(y)==y"-3

-H(y+2)=0 .
y=4 or y=-2 j:[(}""l)_(%yz_?’)]dy

x=y+1 _

x=5 or x=-—1 f: (=30 +y+4)dy

(5,4) and (~1,-2) 2

-2

Find the area enclosed by the line y = x — 1 and the parabola y? = 2x + 6.

v
4_._

1,
g00=5y 3
y

A= ["TfO) — gdy

A = Jd (XR - XL) dy

Points of intersection are )3 2 4
[l (L) + 2 4y] = —4(64) + 8 + 16 — (5 + 2 — 8) = 18 units?




Example | Sketch the region enclosed by the given curves and find its area.
y=-cosx, y=sin2x, 0<xs< 7/2

Solution yA
By solving the two equations simultaneously we 1] y=cosx
find the point of intersection is y
COST = sin 2x 4, : y=sin2x
COST = 28InT cosx
2sinxcosxt —cosx =0
cosx(2sinz —1) =0
cosx =0 or sin:c:% 0 x 6i X %\;
v=gore=gon 0,5 A=A + 4,

/6 . /2, .
A= fo / (cosx — sin2x) dx + f - //6 (sin2z — cosx) dx Horizontal or vertical rectangles?
) 6 ) /2
— [smx + % CcOS 233] g/ + [—% cos 2x — sin az] v/

/6




Example

Solution

. s
- [sma: + % COS 2:1:} 0

= [(sin% + % COS %) - (sinO + % CUSO)}

+[(—§cos7r—sin§)—( 5 3 6)]

Sketch the region enclosed by the given curves and find its area.

y=-cosx, y=sin2x, 0<xs< 7/2

YA

=COSX
/6 1 | " I-r/2 /l‘- y
+ [—5 cos2xr — blIlZE} /6

4, .
y =sin 2x

L —LcosE —sin =

)]

N

)= 0+ 5]+ [(-1) - (4 -

(]
=
=3B
=
=Y

A= 4+ 4,




Example | Sketch the region enclosed by the given curves and find its area.

In x (Inx)* Az
y=———— Yy = [
X X
Solution ,
Area = I (Top Curve — Bottom Curve)- Width
W‘ Scratchpad RAD m X
hy e
(o) A= [(S1(x) = f2(x)) dx
£2(x)= _
. x=e
= |
/ § = — units
0 1 ; 6
(,) _'wl Scratchpad RAD @ X
fl(x)=ln X - -
" X solve(ﬂ (x)=f2(x),x) x=1orx=e

O =

. . . . Fﬂ(x)—ﬁ(x))dx =
By solving the two equations simultaneously with 1
CAS we get |

x=1or x=e

We will use vertical rectangles.




