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Example | Find the area under the curve using the left endpoint of four subintervals over the interval

[0, 4]. Left-hand Rectangles

1
f(x):gx2+1 %
Solution 3T
1
x | f(x) f(x):§x2+1
1 |
e
8 1
2 1L
2
o S S S S
8 1 1l 1l 2—
8 2 8

Approximate area: L, :(1+1%+1%+2é)-1 :5%:5.75
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Example | Find the area under the curve using the right endpoint of four subintervals over the interval

[0, 4]. Right-hand Rectangles

f(x)=éx2+1
Solution
X | f(x)
Ll
8
2 |11
2
3 |2l
8
4 | 3

I 1

Approximate area: R, = (1§ — 15 +2 = +3
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Example

Use rectangles generated from the midpoint of each subinterval to find the area under

Solution

the curve . Midpoint Rectangles.

f(x):éxzﬂ y
:
1,
= — 1 |
X f(x) 21 1 8x ’ /;
0.5 |1.03125 e
1.5 |1.28125 T | |
2.5 |1.78125 | |
0 ¢ 1 ¢ 2 . 3 ¢ s
3.5 |2.53125 1.03125 1.78125
1.28125 2.53125

Approximate area:

M, =

(1.03125+1.28125+1.78125+2.53125)-1=6.625

In this example there are four subintervals. As the number of subintervals increases, so does the

accuracy.
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With 8 subintervals: f(x) = lx2 +1
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What 1s the exact area?
We need more rectangles!
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Approximating Areas by Riemann Sums

YA

We begin by dividing the interval [a, b] into n subintervals of equal length,

la=x,.x ], [x.x5] [x.x] o [xox] o [x0.x,0], [%,.x, =5]
The length of each subinterval, denoted Ax, 1s found by dividing the length
of the interval by n: b—g
Ax =

n
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Definition  Regular Partition

Suppose [a, b] is a closed interval containing » subintervals
la=x,x], [x.%] [%.%] 0 [xonx] 0 [x0.x0] [x,.x, =5]

of equal length Ax = with a = x¢ and b = x,,. The endpoints xg, X1, X2, ..., X;_1, X, of the

n
subintervals are called the grid points and they create a regular partition of the interval [a, b]. In general,
the i" grid point is

x,=a+i-Ax, fori=1,2,3,...,n.
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Using Right-Hand Rectangles (right grid or right sample points) we get,

VA
Ax
—— y=f(x)
— T —
F f(x;)
Rl R2 R3 R4 Rl Rn—l Rn

>

0| xo=a x; X, X3 XpeXj—y X -eXx_, x_, b=xx

2| Definition The area A of the region § that lies under the graph of the contin-
uous function f is the limit of the sum of the areas of approximating rectangles:

A=1im R, =lm[£(x)+ £ ()% f(5) 4ot ()4 £, )+ f(x)]- Ar=lim D £(x)- Ax

Where, Ax = b-a

and x, = a +i- Ax, the right grid or right sample points. Remember i is counting each rectangle.
n

This summation is called a Right Riemann Sum, it calculates the area under the curve.
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Riemann Sum

This tells us to Condensed Sum Expanded S
SR panded Sum
end with i = n. A A
This tells us ‘o N A
0 add. — E flx) Ax Zf<x> Ax =[G+ S O5) b+ )b S (5, + S (5] A
) I = m Y WJ
3;2;? islltltsl ?S:t;. Heights of Rectangles Width

The index in a sum is a dummy variable. It 1s internal to the sum, so it does not matter what symbol
you choose as an index. For example,

NEOVE NI
i=1 n=1
Two properties of sums are useful in upcoming work. Suppose that {a;, a>, ..., a,} and

{by, b7, ..., b,,} are two sets of real numbers, and suppose that c is a real number. Then we can
factor constants out of a sum:

Constant Multiple Rule Z cap=-c Z ay
k=1

Addition Rule i (aj. + by) = Z a + Z by

k=1 k=1
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Sigma (Summation) Notation

Sigma (or summation), notation is used to express sums in a compact way. For example, the
10

sum 1+ 2+ 3+ --- + 10 1s represented in sigma notation as Z k. Here 1s how the notation works.
k=1

The symbol ), (sigma, the Greek capital S) stands for sum. The index k takes on all integer values

from the lower limit (k = 1) to the upper limit (X = 10). The expression that immediately follows ),

(the summand) is evaluated for each value of k, and the resulting values are summed. Here are

some examples.

9

\O

k=1+2+3++++99=4950

a‘
I
[y

k=1+2+--+n

M=

k
3
2

I
p—

Zk2:o2+12+22+32:14
k=0

D (k)= (12 + (1) +(0* +0) + (17 + 1) + (22 +2) = 8

k=-1





image19.png
Example | Find the area under the curve using a Right Riemann sum,

f(x)=4sinx
over the interval [0, w] with 4 subintervals.
: A
Solution y
First find Ax. f(x)=4sinx Y] Scratchpad (FD@) X
4 1 £ Y2 +1,
Ax:b—a:ﬂ—021. ZH.i'Z,.'Z
n 4 4 i=1
. . 4 _ 7.58447559175
Next we find x; (the right sample point.) ZH’ E) E
T .7 S
X, =a+i-Ax=0+i-—=i-— -
4 4 | -
The right Riemann Sum is 0 e 2 s "

R, :lil:f(xl.)-Ax :2(4sin(i-%n-% ={4sin(1-%)+4sin(2-%)+4sin(3-%)+4sin(4-%ﬂ-%
| | =[2\/§+4+2J§+0]- =2 +)x

4
Height of Rectangles Base Width of Rectangles 4
~7.584
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Example | Find the area under the curve using a Right Riemann sum,

f(x)=4sinx

over the interval [0, ©] with 20 subintervals.

Solution
First find Ax.
Ax:b—a:ﬂ—O: 7z.
n 20 20
Next we find x, (the right sample point.)
X =a+i-Ax=0+i- i—l s
20 20

The right Riemann Sum is

Ry, :Zf(xz)Ax:Z(f(lzioj)

4

Height of Rectangles

A
41

f(x)=4sinx

\J

0

T
— =~ 7.984

2

Base Width of Rectangles

J—\ w Scratchpad

RAD@ X

4- cos|— +? cos

) (J_+1)+/T

> 13

b8
20

10

7.98354389084
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Using Left-Hand Rectangles (left grid or sample points) we get,
L, =(f )+ f(x)+ fx)+-+ fx )+ + f(x, )+ f(X,,)) Ax
Using sigma notation we get,
L = Z f(x,,)-Ax, sometimes called a left sum.
i=1

Where, Ax = b-a

and x,_, = a+(i—1)-Ax, the left grid or sample points. Remember i is counting each rectangle.
n

This summation is called a Left Riemann Sum, it calculates the area under the curve.
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Ax y=f(x)

Using Midpoint Rectangles (midpoint grid or sample points) we get,
M,=(fG)+ X))+ )+ + )+ + f(X,0) + f(%,)) Ax

Using sigma notation we get,

M, = Z f(x,)-Ax, sometimes called a midpoint sum.

i=1
Where, Ax = b-a
n

1 . : : : :
andx, =a+ (z’ — Ej - Ax, the midpoint grid or sample points. Remember i is counting each rectangle.

This summation is called a Midpoint Riemann Sum, it calculates the area under the curve.
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Using Rectangles taking any grid or sample point in each subinterval we get,
A, = (LG + L)+ )+ f )+ 4 f(x, )+ f(x,))- Ax
Using sigma notation we get,
A4,=D f(x)-Ax
i=1

b—a

Where, Ax = and x, € [x. X, }, remember i is counting each rectangle.

i—1%%i

n
This summation is called a Riemann Sum, it calculates the area under the curve.
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NOTE To approximate the area under the graph of / we can form lower sums (or upper
sums) by choosing the sample points x;* so that f(xj") is the minimum (or maximum)
value of f on the ith subinterval (see Figure 14). [Since f is continuous, we know that the
minimum and maximum values of f exist on each subinterval by the Extreme Value
Theorem.] It can be shown that an equivalent definition of area is the following: A is the
unique number that is smaller than all the upper sums and bigger than all the lower sums.

0 a b ; 0 a b x 0 a

(a) Lower sums (b) Upper sums (c) Upper and lower sums

FIGURE 14

=Y
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Example | Consider the function 7 (x) = 2x - Find the area under the curve using a Riemann Sum
X+

of /(x) from 1 to 3 using 50 subintervals, with right, left, and midpoint sample points.

Solution
Right Riemann Sum
First ﬁnd Ax Ay Scratchpad w5 pap ] X
hmd |\ 25 25 -
b—a 3 1 2 1 =1
Ax = 55819537607923820983471692040682841
n 50 50 25 69712700568270972421714971373956062
Next we find x, (the right sample point.) i Hu' 1 )) | osooroszesas
] 2
1 e\ 25)] 25
X, =a+i-Ax=1+i-— i=1
25 | I

The right Riemann Sum is

Ry, Zf(x)Ax Z( (lﬂ z—sj)-%vaSOl
! ! ! !

Height of Rectangles Base Width of Rectangles
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X : : :
. Find the area under the curve using a Riemann Sum

Example | Consider the function f(x) = — 1
X7+

of /(x) from 1 to 3 using 50 subintervals, with right, left, and midpoint sample points.

Solution
Left Riemann Sum
First find Ax. A Scratchpad “*rap [I[] X

b—a 3-1 2 1 = ‘
Ax = _ _ 4t _ {1 )] 2

n 50 50 25 o ”
Next we find x,_, (the left sample point.) ZHH(Z’-l)' ?—15)) 9—15
1 i=1

X, =d+ (i — 1) Ax =1+ (i — 1) . 2—5 0.808708294943

The left Riemann Sum is

50 50 . | |
Ly, :;f(xi_l)'Ax :;(f(“'(l_l)'z_sj)'z—s ~ (0.809
4 1

Height of Rectangles Base Width of Rectangles
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Example | Consider the function f'(x) =

of /(x) from 1 to 3 using 50 subintervals, with right, left, and midpoint sample points.

Solution

Midpoint Riemann Sum
First find Ax.
b—a

n

3121
50 50 25

Next we find X, (the right sample point.)

)Ti:a_|_ l'_lj.Ax:1_|_ l'_lj.L
2 2) 25

The right Riemann Sum is

Ax =

:if@).m :i(f(n(i—%).z%n

4

Height of Rectangles

X
x +1

. Find the area under the curve using a Riemann Sum

w Scratchpad

Caps RAD @ X

et " 7 2] 28
i=1

Hl+

Py e

i=1

-~

0.808708294942

0.804724284832

1
2—5~ 0.805

4

Base Width of Rectangles
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Example | Use Definition 2 to find an expression for the area under the graph of f as a limit. Do not
evaluate the limit.

fx) =x/x>+8, 1sx<5

Solution
2| Definition The area A of the region § that lies under the graph of the contin-
uous function f is the limit of the sum of the areas of approximating rectangles:
A=lim R, = Hm[f () + /() + (1) 4+ [ () oo [ (5, )+ (@] Ax =Tim Y £(x)- Ax
i=1
Where, Ax = ba and x, = a +i- Ax, the right grid or right sample points. Remember i is counting each rectangle.
n
fx) =xyx*+8, 1<x<5 A= lim Ry
First find Ax. — Iim Z Fz:)A
Ar=(5—-1)/n=4/n S A
Next we find x, (the right sample point.) = lim Z [(1 +4i/n)\/(1 4 4i/n)3 + 8] =
n—oo ;2
ni=1+iAv=1+4/n How do we compute this limit? Section 5.2!
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5.1 | The Area and Distance Problems

Jacob Bernoulli
1654 - 1705

Jacob Bernoulli was a Swiss mathematician who became familiar with calculus through a correspondence
with Gottfried Leibniz, then collaborated with his brother Johann on various applications, notably publishing
papers on transcendental curves.
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B The Area Problem
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How about the area under the curve and above the x-axis? What does that area represent?
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