4.4 | Indeterminate Forms and I'Hospital’s Rule

Marquis de L'Hospital
1661 - 1704

de L'Hospital was a French mathematician who wrote the first textbook on calculus, which consisted of the
lectures of his teacher Johann Bernoulli.




M Indeterminate Forms (Types %, %)

Suppose we are trying to analyze the behavior of the function

In x

lim
x==] A~ 1

In general, if we have a limit of the form

fim £
900

where both f(x) — 0 and g(x) — 0 as x — q, then this limit may or may not exist and is
called an indeterminate form of type ;.

We met some limits of this type in Chapter 2.
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M Indeterminate Forms (Types %, %)

We used a geometric argument to show that

. sinx
Iim =]
x—0 X

But these methods do not work for limits such as

In x

lim
—1 x — 1

So, in this section we introduce a systematic method, know as /’Hospital s Rule, for
the evaluation of indeterminate forms.

Another situation in which a limit is not obvious occurs when we look for a horizontal
asymptote
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B L'Hospital’s Rule

It isn’t obvious how to evaluate this limit because both numerator and denominator become large as

x — oo, There is a struggle between numerator and denominator. If the numerator wins, the limit will
be oo (the numerator was increasing significantly faster than the denominator); if the denominator
wins, the answer will be 0. Or there may be some compromise, in which case the answer will be some
finite positive number. We now introduce a systematic method, known as /’Hospital s Rule, for the

: : : +
evaluation of indeterminate forms of type % or type ;—::

L'Hospital’s Rule Suppose f and g are differentiable and g'(x) # 0 on an open
interval / that contains a (except possibly at «). Suppose that

lim f(x) =0 and lim g(x) = 0

X—>da X—>da

or that lim f(x) = *oo and lim g(x) = *o

X—da X—da

(In other words, we have an indeterminate form of type 8 or %) Then

f& )

lim = lim
X—>d g(_x) X—>d g,(_x)

if the limit on the right side exists (or 18 % or —).




Example

SIN T — COS T

a) i
@) x_lgl/4 tanx — 1
Solution
SIN X — COS T
a) U
(@) x—1>17¥l/4 tanx — 1
H . coST + sinx
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z—m/4 sec2x
V2 V2
P
= lim =————
o (v2)
V2
2

V2

Hole in the graph at (% , —) :
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(b) lim 1“*,/;

X—>® X~

This limit has the form 2.

Find the limit. Use 1’Hospital’s Rule where appropriate.
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X” sin x
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Example | Find the limit. Use I’Hospital’s Rule where appropriate.

. _ | 1 2 -
(@) lim SIN T — COST (b) lim n\?/; ©) lim X Sin X

z—n/4 tanx — 1 x—o  x© x—=0 siInx — X

Solution

0.5
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> This limit has the form 2.
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Horizontal asymptote at y = 0.




Example

a) li
@) :c—l>I'/—P/4 tanx — 1

: P Inv/x
SIN T — COS T b) lim \{_

X—>® X~

Solution

(¢) lim—
x—=0 sinx — x

H

H

H

= lim

x?sin x S o
This limit has the form -

2 .

. xcosx +2xsinx R .

lim This limit has the form 3.
z—0 COST —

—x’sinx +2xcosz + 2rcosx + 2sinx
—sinx

lim

x—0

lim (2 — 2?)sinz + 4z cos

0
z—0 —sinx 0

(2—2?)cosz — 2xsinz —4xsinz + 4cosx

— COS T

x—0

Find the limit. Use 1’Hospital’s Rule where appropriate.

x2sin x

(c) lim —
x—0 sin x

— X

Hole in the graph at (0 — 6).

(0-6)




M Indeterminate Products (Type 0 - »)

If lim,—,f(x) = 0 and lim,_., g(x) = o (or —), then it isn’t clear what the value of
lim,_., f(x)g(x), if any, will be. There is a struggle between f and g. If f wins, the answer
will be 0; if g wins, the answer will be % (or —). Or there may be a compromise where
the answer is a finite nonzero number. This kind of limit is called an indeterminate form
of type 0 - . We can deal with it by writing the product fg as a quotient:

__f _ 9

e 1/
_0 0
0 o

This converts the given limit into an indeterminate form of type § or %/ so that we can
use I’Hospital’s Rule.




Example | Find the limit. Use I’Hospital’s Rule where appropriate.

lilr{l+ In x-tan(7x/2)

Solution

lir?+ In x-tan(7x/2)  This limit has the form 0 - (—oo).

Inxz

= wli)rgr cot(mz/2) This limit has the form 3.

|I=

lim 1/
e—1+ (—7/2) csc?(mx/2)

= limi-sin2 (7x/2)

~lim| -2 (2 gy =22
_lg?( ﬂx) sin” (7x/2) _( ﬂ(l)j (1) .

Hole in the graph at (1, — i) :

y=Inx-tan(zx/2)
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B Indeterminate Differences (Type % — «)

If lim,_., f(x) = o and lim,_,, g(x) = o, then the limit
lim [(2) — ()]

is called an indeterminate form of type © — . Again there is a contest between f and g.

Will the answer be o (f wins) or will it be —2¢ (g wins) or will they compromise on a finite

number? To find out, we try to convert the difference into a quotient (for instance, by using

a common denominator, or rationalization, or factoring out a common factor) so that we
¢ . 0

have an indeterminate form of type ; or %/,




Example | Find the limit. Use I’Hospital’s Rule where appropriate.
m (5 =9)
lim | — —
z—0+ \ T er — 1
Solution A
Y
. 1 1 o 1]
lim | — — This limit has the form oo — oo.
.:c—>0+ X ex — ].
1 o i B
— lim & L This limit has the form 2.
a:—>0+ :E(Gx —_— 1) 0
H e’ —1 E—

This limit has the form 3.

z—0+ T +e* — 1
T

H .. e
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rz—0+ reT + e* 4 et
1 11
C0+1+1

Hole in the graph at (O, %) .




M Indeterminate Powers (Types 0°, »’, 1%)

Several indeterminate forms arise from the limit

lim [ f(x)]*"
1. lim f(x) =0 and lim g(x) = 0 type 0°
2. lim f(x) =  and lim g(x) = 0 type o0°

3. lim f(x) = 1 and lim g(x) = *o type 1°

X—>d X—a

Each of these three cases can be treated either by taking the natural logarithm:

let y=[f(0)]"", then Iny= g(x)Inf(x)




Example | Find the limit. Use I’Hospital’s Rule where appropriate.

(@) lim (e* + 10x)"" (b) lim (1 — cosx)™"

Solution

(@) lim (¢* + 10x)"
Let y = (% + 10z)Y/*

Iny = 1 In(e” + 10x), so
x

lim Iny = lim 1 In(e* + 10x)

Tr— 00 rT—00 I

In(e* + 10x)

= lim . This limit has the form %
1
(e 110
H lim e* + 10z (6 i )

T—00 1




Solution

= lim (

r—00

=1

Hence

1)

limlny=1

X—>0

This limit has the form

This limit has the form

¢

e

Using the fact that y = e!™¥ we get

lim (e* + 10x)*/* = lim e™¥

xr— 0O XTr—>00




Example | Find the limit. Use I’Hospital’s Rule where appropriate.

(a) XIE')I}O (ex + lox)l/x (b) llgL (l — cos X) sin x

X

Solution B : sin
= — lim
z—0+ (1 —cosx)cscx cotx

(b) lim (1 —cosx)™" This limit has the form 0".

. sin sin’x
= — lim n o —
i + cscx cotx — cot?xr  \ sin“z
Let y = (1 — cosx)™"” z—0
T sin®x
g oS = — lim
Iny =sinzIn(1 — cosx), so S s T — coslx
: : : o3
lim Iny = lim sinxIn(1 — cosx) 0.(—00) _ : SIn”x 0
x—01 x—0T = — lim ~
z—0t+ (1 —cosx)cosx ()
. In(1 — cosx) —00 H , 3sin’z cos x
= lim — = — lim : -
z—0+ cscx 400 z—0+ (1 —cosx)(—sinz) + cosz (sinx)
1 ) ) 3sinxcosx
— -SInx = — lim
H o l—cosz z—0+ (cosx — 1)+ cosx
z—0+ —cscxcotx 0

=—031 =0 Hence }ig}lnyzo.




Solution

Using the fact that y = ™Y we get

lim (1 —cosz)®* = lim e™Y
x—0T x—0+
=1

Hole in the graph at (0,1 ).

Note: limIn y

x—0"

A

=0.

(0,1)

y=(1-cosx)™

2

\J




In summary,

Determinate Forms
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Indeterminate Forms
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