3.4 | The Chain Rule

Johannes Kepler
1571 - 1630

Johannes Kepler was a German mathematician and astronomer who discovered that the Earth and planets
travel about the sun in elliptical orbits. He gave three fundamental laws of planetary motion. He also did
important work in optics and geometry.




B The Chain Rule

We now have a pretty good list of “shortcuts” to find derivatives of simple functions.

E(C)=O d—x(x") = px""! d—(e‘) = e’
(cf) =cf (f + g)t=f""4 g ({f==.g) =gl
(f9) =fq' + gf’ (1) = u

g g

Of course, many of the functions that we will encounter are not so simple. What is needed is a way to
combine derivative rules to evaluate more complicated combinations of functions. Functions that
include addition, subtraction, multiplication, division, and composition.

For example, find ' if y =sin(3x* ™).




y= Sin(3x2 . e\/;) y’ = f’(X) = ()

i
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We’ll do this derivative later!




Consider a simple composite function:

y=6x-10 y=6x-10 y=2u u=3x-35
y=2(3x-5) | | |
dy dy_2 du_3
Letu=3x-5 526 du de
then y = 2u \ /\J
6=2-3
dy _dy du




Consider:

y=9x> +6x+1 y=9x"+6x+1 y=u" wu=3x+1
y=(3x+1)2 J l
Letu =3x+1 P _18x+6 Loy du_j
2 * u dx

then y =u y

y

—=2(3x+1

Y a(3e41)

Q:6x+2

©

This pattern is called
the Chain Rule!

18x+6:(6x+2)-3
dy _dy du
dx du dx

\




Chain Rule |dy dy du
Leibniz Notation dx - du dx

Ify= f(g(x)), and we let u = g(x), then y = f(u).

Differentiate the outside function
evaluate at the inside function...

So we get |
Zy _D My g ) = Tl £ ()
x du dx N

f

Times the derivative of the

inside function.
Hence,

If /o g is the composite of y = f () and u = g(x), then

(/o8) @) =[f(@)] =/ (g@)-g'(x) > Chain Rule
Prime Notation




The Chain Rule If g is differentiable at x and f is differentiable at g(x), then the
composite function F = fo g defined by F(x) = f(g(x)) is differentiable at x and
F' is given by the product

[1] F'(x) = f'(g(x) - g'(x)
In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then
dy dy du
2] dx  du dx

d
w S = ) g

v Vv v v b St
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner

function function function function




Example | For the function below, write the composite function in the form f(g(x)). [Identify the

inner function u = g(x) and the outer function y = f(u).] Then find the derivative dy/dx.

y= sin(x2 —4)
Solution
= —sin(x* -4
Y f(g(x)) sm(x ) P _ cos(x2 —4)-2x
Let u=x>—4 Inner Function X

y=sinu Outer Function

@ = COSU @ 2y

dy dy du .

T Chain Rule
dy

—— =CcoSu-2x
dx




Example

Find the derivative of the function.

Y =sin (x2 - 4)
Solution | Here is a faster way to find the derivative:
y =sin (x2 —~ 4) _ , , ,
Differentiate the outside function

/ evaluate at the inside function...

, d
V= c:os(x2 —4)- d—(x2 —4)

X
\ Times the derivative of the
inside function.

Simplifying

V' = cos(x2 —4)-2x




Example

y =cos’ (3x)

Solution

Y = %cos2 (3x)

= %[cos (3x)]2

d
=2 [cos (3x)] : acos (3x)
. RN J
' Y

I
derivative of the
outside function
evaluate at the
inside function

derivative of the
inside function

Find the derivative of the function.

=2 cos(3x) : (—sin(3x)) . —(3x)

The chain rule can be
used more than once.

l

d (That’s what makes
the “chain” in the

dx .
“chain rule™!)

= —6c0s(3x)sin(3x)
=-3sin(6x) WHAT!!
Scratchp dglsomooom rao [I] X
NN

f1 (X)=(cos(3- x)) 2

\sz\-)=—3- sm(é-x)ﬂ

VY)Y
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Every derivative problem could be thought of as a chain-rule problem:

ix2=2x1 -ix:Zx-l =2Xx

dx > dx \

H_I
derivative of outside \ The derivative of x is one.

function
evaluated at the

L. : derivative of inside
inside function

function




Generalized Derivative formulas include the chain rule!

a 1 du d . du
—u =nu -— —SIn#U = COSU - —
dx dx dx dx

d . du , du
—COoSU =—SIny - -— —tanu =sec” u-—
dx dx dx dx

a . au . ‘
—e =€ r— and the list continues...
X X

Remember that « 1s a function of x!




Example Find the derivative of the function.

@ () =" +32 =90 () F() = (

Solution

(@ f(x)=(x>+ 3x*—x)"

f'(x) = 50(z° + 327 —2)* . di(a:5 + 327 — 1)
— Y .

v
derivative of the

inside function

derivative of outside
function
evaluated at the
inside function

= 50(x° + 32* — 2)*(52* + 62 — 1)

2t + 1

) © AG) = Vi - e




Example Find the derivative of the function.

@ f0)=(F+ 32— (0) F) = (21 . 1) (©) AW =r-e™

Solution

®) F@) = (2t:- 1)

(2t + 1)~
(2t +1)*

.PU):—A@t+D_5:%@t+D
= —4(2t+1)7°(2)

8
(2t +1)5




Example Find the derivative of the function.

@ f() =%+ 3¢ = 9% (0) F0) = (z; . 1) © () =r e
Solution

() A(r) = \/; ey

A=V et 02 1) e (V)
2 2 1
:\/;.67‘ tlogp per . =
2V/r

> . 2
:€r+1<2r\/;+ 1 >0rerd+1 4r° + 1
2v/r




M Derivatives of General Exponential Functions

104




Consider the exponential function y =56, b>0and b #1.

We would like to find its derivative.

Recall, if f(x) =Inx and g(x) =¢" then
f(g(x))=In(e”) = x

and

g(f(x))=g(nx)=e"" =x.
f and g are inverse functions of each other.

Inverse Properties for ¢* and In x
1. €™* =y, forx> 0, and In(e¥) = x, for all x.
2. y=Inxifandonlyifx=¢e’.

3.  Forreal numbers x and b > 0, b* = I b) — gxlnd




Soy=>b"

Inp*
=e

x-(ln b)

Using the chain rule we get
y' =" ") . Inp
=" -Inb

=b"-Inb




Example Find the derivative of the function.

(a) r([) — 102\/7 (b) y = esinzx + sin(ez") (C) y = (3cos(x2) . 1)4
Solution
d du
= 102V" “(pY=pb" Inb- 22
(@) r(r) =10 dx( ) nb-

_102vE d
7 (t) = 10 tlnlO%(Q\/f)
::102V€ln]1)(2--%t_1/2)

(In 10) 10>V?
Vit




Example Find the derivative of the function.

@ r(n) =10*" (b) y= e + sin(e™)

Solution

(b) y = e""* + sin(e?)
yl — e&n?x@ sin 22 -+ 005(621:)%621'

— esinQaz(CUS 2%) .9 + COS(ng) 623: .9

= 2cos 2z 52 2627 cos(e??)

(€) y= (@ =1t




Example Find the derivative of the function.

(@) r(r) = 10> (b) y= e + sin(e™)

Solution

(C) y — (3cos(x2) . 1)4

2 3 2
— 4 3COS(X ) _1 .i(3cos(x ) _1)
dx

3

-3cos(x2) -1n3-%(cos(x2))

-3COS(X2) ‘In3 -(—sin(x2 ))%(xz)

— 4 3COS(XZ> _1

3

— 4 3COS(JC2) _1

3

— 4 3cos(x2) _1

.3cos(x2) ‘In3- (—sin(x2 )) 2x

3

=—8x-In3-sin (x2 ) . 3cos(x2) . (3COS(XZ) — lj

(c) y= (3 -

1)*




Example

y=4+/1+x* (2,3)

Solution

y=VITa® = (1 +2°)2

y = S(1+2%)71/2. 322
B 322
T+
At the point of tangency (2,3) the slope is

m=1vy = 3.4 2
y = 2/0
and an equation of the tangent line is
y—3=2x—2)
y=2xr—1

Find an equation of the tangent line to the curve at the given point.

_'w' Scratchpad

rap [I] X

74y
f1(x)=J1+x3

£2(x)=2- x-1

X




Example | If h(x) = /4 + 3f(x), where f(1) = 7 and f'(1) = 4,

find A'(1).

Solution

h(z) = \/4+3f(z)
W(z) = 3(4+3f(x) /%31 ()
h'(1) = 2(4+3f(1)" /2 3f'(1)

=2(4+3.7)71%.3.4




Example A table of values for f, g, f', and ¢’ is given.

x f(x) g(x) f'(x) g'(x)
| 3 2 4 6
2 1 8 5 i
3 7 2 7 9

(a) If F(x) = f(f(x)), find F'(2).
(b) If G(x) = g(g(x)), find G'(3).

Solution
(@) 1f F() = f(f(9). find F'(2).
F'(2) = f(f(x)) - I'(2)
0 F'(2) = £'(£(2)) - £(2).

= 1'(1)-5




Example A table of values for f, g, f', and ¢’ is given.

x f(x) g(x) f'(x) g'(x)
| 3 2 4 6
2 1 8 5 i
3 7 2 7 9

(a) If F(x) = f(f(x)), find F'(2).
(b) If G(x) = g(g(x)), find G'(3).

Solution

(b) If G(x) = g(g(x)), find G'(3).

G'(x) = g'(9()) - ¢ ()

s0 G'(3) = ¢'(9(3)) - ¢'(3)
=9'(2)-9




Example

If g is a twice differentiable function and f(x) = xg(x*), find
f" in terms of g, ¢', and g".

Solution

f'(x) = zg'(2%) 2z + g(2) - 1
— 2£EQQI(CB2) —|—g(a:2)

f"(x) = 22%¢" (2%) 2z + ¢’ (2*) 4z + ¢' (2?) 22
= 42°g" (27) + dzg/ (2) + 224’ (=)

_ 6:cg'(x2) +4$391/(x2)




