2.3 | Calculating Limits Using the Limit Laws

Pythagoras of Samos
580 - 500 B.C.

Pythagoras was a Greek philosopher who made important developments in mathematics, astronomy, and the
theory of music. The theorem now known as Pythagoras's theorem was known to the Babylonians 1000 years
earlier, but he may have been the first to prove it.




In Section 2.2 we used calculators and graphs to guess the values of limits, but we saw that such methods don’t
always lead to the correct answers. In this section we use the following theorems of limits, called the Limit
Laws, to calculate limits. Sometimes called analytic limits.

Limit Laws Suppose that ¢ is a constant and the limits

lim f(x) and lim g(x)

X—>a X—>da

exist. Then

L. lim [£(9) + g(0] = lim £(9) + lim ()
2. lim [£() ~ g(9] = lim /() — lim g(»)
3 lim [f(9] = clim /()

4. lim [£(9g()] = lim £(9) - lim g(x)

f(x) lim f(x)

. if 1lim g(x) # 0
X—a g(x) }1_1’)1’(17 g(x) x—>a g




Sum Law
Difference Law

Constant Multiple Law

Product Law

Quotient Law

These five laws can be stated verbally as follows:

1.
2.
3

The limit of a sum is the sum of the limits.
The limit of a difference is the difference of the limits.

The limit of a constant times a function is the constant times the limit of the
function.

. The limit of a product is the product of the limits.

. The limit of a quotient is the quotient of the limits (provided that the limit of

the denominator is not 0).




Example | Use the Limit Laws and the graphs of fand ¢ in the figure 1 to evaluate the following limits, if

they exist. V4 f
@ lim [f@) + 5] O lim [f@g0] (@ lim L2 \
x—>=2 g x—1 x—2 g()C) /\\‘// 1
— >
Solution 74 0 1 X
(a) From the graphs of f and g we see that g T~ |
]im2 flx) =1 and lim g(x) = —1

x—>— x—-=2

Therefore, we have

lim [f(x) + 5¢(0] = lim f(x) + lim [59(x)] by Law 1)

= lim f(x) + 5 lim g(x) (by Law 3)

x——2 x——2

=1+5(-1)=—4




Example | Use the Limit Laws and the graphs of fand ¢ in the figure 1 to evaluate the following limits, if

they exist. V4 f
@ lim [f()+560] O lim @] (© lim L2 , \
x——2 i1 =2 g(x) /‘\_/ 1
— >
Solution 74 0 1 X
7 -y 4
(b) We see that lim,—; f(x) = 2. But lim,—; g(x) does not exist because the left and
right limits are different:

lim g(x) = —2 lim g(x) = —1

x—>1~ x—>1F

So we can’t use Law 4 for the desired limit. But we can use Law 4 for the one-sided
limits:

lim [f(g@] =2+ (- = =4 lim [f()g0)] =2+ (~1) = -2

The left and right limits aren’t equal, so lim,—; [ f(x)g(x)] does not exist.




Example | Use the Limit Laws and the graphs of fand ¢ in the figure 1 to evaluate the following limits, if

they exist. V4 f
@ lim [F0) +5¢@] () lim [fg] (@) lim L \
x—=2 g x—1 9 x—2 g(x) /“\‘// 1
— >
Solution 74 0 1 X
p -y &
(c) The graphs show that

lim f(x) = 1.4 and lim g(x) = 0

F=2d x—>2
Because the limit of the denominator is 0, we can’t use Law 5. The given limit does not
exist because the denominator approaches 0 while the numerator approaches a nonzero
number. |




Power Law

Root Law

If we use the Product Law repeatedly with g(x) = f(x), we obtain the following law.

6. ll_)l’r; [f(x)]" = [lg}r; f (x)]” where n is a positive integer

A similar property holds for roots:

7. lim+/f(x) =)/ AhE}, f(x) where 7 is a positive integer

[If nis even, we assume that lim f(x) > O.]

X—a

In applying these seven limit laws, we need to use two special limits:

8. limc=c 9. im x =a

X—a X—a

If we now put f(x) = x in Law 6 and use Law 9, we get a useful special limit for
power functions.

10. lim x" = a" where n is a positive integer

X—a




If we put f(x) = x in Law 7 and use Law 9, we get a similar special limit for roots.

11. lim {/x = {/a  wherenisa positive integer

xX—a

(If n 1s even, we assume that a > 0.)

Direct Substitution Property If f is a polynomial or a rational function and « is
in the domain of f, then

lim £(x) = f(@)




V28349 +3x-1
Example | Evaluate lim .
x—=2 4x+1
. ) 2x+9 +3x-1 V
Solution lim - : Limit Law 5
x—2 4x+1 limy_ 7 (4x+1)

Vlim; (23 +9) +limy,, (3x—1)
B limy, (4x+1)

~ \/(2(2)3 +9) +(3(@2)-1)

Limit Laws 1 and 7

(4(2)+ 1) Direct Substitution
== - 259 Lk = % Simplifying

The function in the Example above is made up with polynomials, the use of the Limit Laws proves that direct
substitution always works for such functions. We state this fact as follows.

Direct Substitution Property If f is a polynomial or a rational function and « is
in the domain of f, then

lim £() = f(a)




Functions that have the Direct Substitution Property are called continuous at a and will be studied in Section 2.5.
However, not all limits can be evaluated initially by direct substitution, as the following examples show.

YA /rlim F) # f(a)\ s lim f(x) exists, but f(a) is undeﬁned.x
f@ ° y=f(x) y=I®

L+ T

| |

| |

| |

| |

| ! >
TE— : o x




Example | Evaluate the limit, if it exists. Describe what functional behavior occurs at the limit point.

i, 227 +97 =5 by Tim 32 -9 © lim V9+h—3
(a) m 22 — 95 h—0 h h—0 h
Solution
y 104
22 +9r — 5 (22 — 1)(z~45)
li = li 2
@ 20 Tr s T (@ 5) (D) fl =2
2 _
Direct Subtitution — | 20 —1 54
= lim
) 0 x——5 I — 5 [_5 Ej
g1ves us 6 2(_5) 1 - o 10
= ——————  Direct Substitution \0\
What do we do? —5 —9 : + ;
11 -10 -5 0 5
Clever math! = 7o
= E 54
10

There is a hole in the graph at (—5,%).

><_\
of




Example | Evaluate the limit, if it exists. Describe what functional behavior occurs at the limit point.

(a) xlifil5 22 _ 95 h—0 h h—0 h
Solution
y 5k
. (h=3?%*-9  h*—6h+9-9
b —
(b) lim fm n
2
Direct Subtitution  _ 15y, ﬂ 3 0 : 10
O h—O0 h, X
gives us —. B
0 = Jim 2 —5)
h—0 )
T _ -3)°-9
= lim (7 —6) F(x) = %
=0—6 Direct Substitution
= —6

There is a hole in the graph at (0, —6).




Example | Evaluate the limit, if it exists. Describe what functional behavior occurs at the limit point.

(a) xlinll5 22 — 95 h—0 h h—0 h
Solution
 VOTTR-3 . JITh-3 OTTh+3
(¢) lim ———— = lim : Clever form of 1
h—0 h h—0 h VI+h+3
a7\ 2
Direct Subtitution  _ ;1 ( 9+ h) —3 Difference of Squares
, 0 h=0 h (/9 + h +3) (a—b)(a+b) = a? — b?
g1VEeS us 6 i (9 + h) —9
h=0h (v/94 h + 3)
: ¥
= lim
h—0k (v/9+ h + 3)
1
= lim ——
h—=0+/9+h+3
1 1

Direct Substitution = 31376 There 1s a hole in the graph at (O, éj




B Using One-Sided Limits

Some limits are best calculated by first finding the left- and right-hand limits. The following theorem is a
reminder of what we discovered in Section 2.2. It says that a two-sided limit exists if and only if both of the
one-sided limits exist and are equal.

[1] Theorem lim f(x) = L if and only if lim f(x)=L= lim_ f(x)

When computing one-sided limits, we use the fact that the Limit Laws also hold for one-sided limits.




Example

Solution

Determine the limit lim

Recall that

[

=0 x

-]

X

—X

if x=0

if x<<O

108

Y

v =]




Example | Determine the limit limM. Y

=0 x
Solution | Using the facts that |x| = x when x > 0 and | x| = —x when x < 0,
we have |
. X . X .
lm —= lim —= lim 1 =1
x—0+ x x—0+t X x—0+
e . =X .
lim — = lim — = lim (—1) = —1
x—0— X x—0— X x—0~

Since the right- and left-hand limits are different, it follows from Theorem 1 that
lim,_ | x| /x does not exist. The graph of the function f(x) = |x|/xis shown in
Figure 4 and supports the one-sided limits that we found.

y

|x]

YZT 1

=Y

0

FIGURE 4




Example

/™ (a) Estimate the value of

/
y X
im
=0 T+ 3x — 1
by graphing the function f(x) = x/ (\/1 + 3x — 1).
(b) Make a table of values of f(x) for x close to 0 and guess
the value of the limit.
(¢) Use the Limit Laws to prove that your guess is correct.
Solution

(a) w Scratchpad RAD@X lim L ~ 0.665
E_,_‘zy :L'—)O\/1—|—3x—1

£1(x)-—= .
p: erx 1 lim ~ 0.667

ny X
5
!
o
—
+
wll 8
)
|
[

-2 1

£1: ( -0.050000000000 , 0.640651481910 )

(b)

_lwl Scratchpad

Q] 24y

-

fl()()=;!

S 1 Ex-k

rap [I] X

X fiX):= = |2
X/ (1+3.

0.01 0.67162... .
0.000001 0.66666...
0 #UNDEF
-0.0000.. 0.66666...

-0.01 0.66162.. |,

1




Example

/1~ (a) Estimate the value of

X
lim
=0 /1 +3x — 1

by graphing the function f(x) = x/ (\/1 + 3x — 1).

(b) Make a table of values of f(x) for x close to 0 and guess
the value of the limit.

(¢) Use the Limit Laws to prove that your guess is correct.

Solution
: x . x v91+3r+1
(c) lim = lim :
z—=04/143x—1 2-0\\/1+3xz—-1 V/1+3z+1
o r(v/1+3x+1)
x(\/1+3:c—i—1)

z—0 3z

2(vV1+3c+1)

I
:rll% 3

1

§ lir% (\/1 + 3z + 1)

1 ; .

%(\/erl)

_'w' Scratchpad R‘D@ X
2/

Ny x




Greatest Integer Function

Floor Function

__y Pra—
v=1[z] 1 —oO
&0
*—0
DRERE
*—0
*—0
*—0
—)

y=|z] =max{m € Z|m < z}

Also known as the greatest integer function y = || x| .

[4] =4 [48]=4 [#]=3 [-26]=-3

Example

Solution

Show that lim, 5 [x] does not exist.

lim [[x]]=1i1§1+3=3 [x] =3for3<x<4

x—3t

lim [x] = lir£1_2=2 [x] =2for2<=x<3

x—3~

Because these one-sided limits are not equal,

lim,_; [x ]| does not exist by Theorem 1.




Example | Find the limit, if it exists. If the limit does not exist, explain why.

(Lo L b) L A S
@ (x Ix\) o) b 4l ifx<l © . (x A+ h)
flx) = m

(x—2) ifx=1 h—0 h

(a) Find lim, ;- f(x)and lim, .+ f(x).
(b) Does lim,—,; f(x) exist?
(c) Sketch the graph of f.

Solution
1 1 1 1 ) .
(a) lim (— - —) = lim (— - —) Since |z| = —z forz < 0
xr—0— xXr ‘.’L" x—0— T —T
= lim 2
rx—0— X

which does not exist since the denominator approaches 0 and the numerator does not.




Example | Find the limit, if it exists. If the limit does not exist, explain why.

(b) Let

() = x2+1 ifx<l1
7 = (x —2)? ifx=1

(a) Find lim,_- f(x) and lim,_.;+ f(x).
(b) Does lim,_,; f(x) exist?
(¢c) Sketch the graph of f.

Solution

(a) Find lim,_.,- f(x)and lim,_.* f(x).
lim f(z) = lim (z* +1)
r—1—

—12 11
-9
. . . . . 2
[lim f(z)= lim (z-2)

= (-1
=1

(b) Since the right-hand and left-hand limits of f at x = 1

are not equal, liml f(z) does not exist.

= | =>»
© I n
_w' Scratchpad RADE]X

Z]

enter




Example | Find the limit, if it exists. If the limit does not exist, explain why.

©) oLl o ol

o (x+hn? x?

lim

h—0
Solution

1 1 x? — (z + h)?
2 2 2.2

lim (z+h) T~ lim (z+h)*x
h—0 h h—0 h

. x? — (2% +2zh + h?)
= lim

h—0 hx?(x + h)?

x> —x>=2xh—-h’

=lim > >
=0 hx~(x+h)
—2xh—h’
= lm -
h=0 hx~(x +h)
—h(2z + h)

= lim

h—0 2 (x + h)?

~ lim —(2x + h)
~ h—0x2(x + h)?

_ —(2x+0)
x*(x+0)
—2x

2 . 2




Recall the following definitions from 2.2

[4] Intuitive Definition of an Infinite Limit Let f be a function defined on
both sides of a, except possibly at a itself. Then

lim f(x) = o

means that the values of f(x) can be made arbitrarily large (as large as we please)
by taking x sufficiently close to a, but not equal to a.

YA

y=f(x)

\ N

S
X=a




E Definition Let f be a function defined on both sides of «a, except possibly at
a itself. Then

lim f(x) = —oo

x—>a

means that the values of f(x) can be made arbitrarily large negative by taking x
sufficiently close to a, but not equal to a.

YA
X=da
AN
0 a X
y = flx)
lim f(x) = —o

xX—a




Similar definitions can be given for the one-sided infinite limits

lim f(x) = oo lim f(x) = o0
lim f() =~ lim f(x) = —0
YA v 4 YA

Ny, LT

YA

/Y\/ax oa\; o\a

(a) lim f(x)= oo (b) lim_f(x) = co (¢) lim f(x)=—co

x-a x—=a x-=a

=Y

() lim_fi(x)=—co

xX-=a

curve y = f(x) if at least one of the following statements is true:

El Definition The vertical line x = a is called a vertical asymptote of the

lim f(x) = o lim f(x) = ° lim, f(x) = =
lm f() = = lm f()=—  lim f(x) =~

=Yy




Finding Infinite Limits Analytically

e e . . . . . a
Many infinite limits are analyzed using a simple arithmetic property: The fraction 3
grows arbitrarily large in magnitude if » approaches 0 while a remains nonzero and
. . . 9+ x
relatively constant. For example, consider the fraction for values of x
X
approaching 0 from the right (Table 2.8).
Table 2.8
S+x < Numerator going to a nonzero constant.
< i
X o« Denominator going to zero.
5.01
0.01 — =501
0-01 Sign Test
5.001
0.001 =5001 o o
0.001 € s ¢ %
0001 0" 0
0.0001 = 50,001
0.0001
1 1 c c
— = —00 — =400

0" oo 0" 0




Limit Theorems at Infinity

. C . C :
13. lim—=+400 and lim — =+ wheren>2 and n is even,
x—=0" xn x—0" xn
¢ 1S a positive constant.
A
v y=re
x—>0" x—>0"
Sign Test kil Sign Test
¢’ ¢’
0
5 0 -3
X




Limit Theorems at Infinity

14.

C

. . C .
lim—=-w0 and lim — =+ where n>1and » is odd,

x—=0" x

x—=0" x

¢ 1s a positive constant.

y=fx)




Example | Evaluate the limits below. What does this limit tell us about the functional behavior of f(x)?

3 2 3 2 " A
X =5x"+6x . X —=5x"+6x x=-2| 1
1 oy
®) o x4y ®) }ggl xt—4x® |
|
Solution : ol
|
3 2 2 | %]
- . —5x+6 .
(@) lim X 45x +26x T x(x2 2 X+06) : 2
2" x' —4x 20 X7 (x" —4) L
~ "F -1 0] 2 3 4 5 ‘?
_ lim /\z(»—ij(x 3) : ; x
2" x* (x—2)(x +2) | S
¢ | @
| _
) x -3 Sign Test | 1
= lim -

2" x(x+2) x—>-2" (Letx=-1.99)
.

- c
0 — =+

= +o0

The function has a vertical asymptote at x = —2.




Example

Evaluate the limits below. What does this limit tell us about the functional behavior of £ (x)?

3 2 3 2 " A
. X =5x"+6x . X —=5x"+6x x=-2 1 y4t x=0
a) lim | |
®) 2t xt—4x° ®) S 4y |
|
Solution : ol
|
3 2 2 | %]
. - . —5x+6 ]
(b) lim X 45x +26x ~im x(x2 2 X+06) : 2
0" x" —4x 0" x7(x"—4) L
— 4 10 2 s 4 5 6
= fim 22 =3) ) !
0" X (e—2)(x +2) |
- o x* —5x% + 6x
: wf S)= x'—4x?
) x—3 Sign Test | 1
= lim L
x0" x(x+2) x—>0" (Letx=0.09)
—— _
0 ¢ __»
R 0

The function has a vertical asymptote at x = 0.




B The Squeeze Theorem

The following two theorems describe how the limits of functions are related when the values of one function are
greater than (or equal to) those of another.

[2] Theorem If f(x) < g(x) when x is near a (except possibly at @) and the limits
of f and g both exist as x approaches a, then

lim f(x) < lim g(x)

[3] The Squeeze Theorem If f(x) < g(x) < h(x) when x is near a (except
possibly at a) and

lim f(x) = lim h(x) = L

then lim g(x) = L

xX—a




[3] The Squeeze Theorem If f(x) < g(x) < h(x) when x is near a (except

possibly at @) and
lim f(x) = lim h(x) = L
then lim g(x) = L

X—a

VA
h
g
L
]
f‘
0 a X

The Squeeze Theorem, sometimes called the Sandwich Theorem or the Pinching Theorem.




Example | Consider the function g(x)=x"sin (lj
x

x—0 X

(a) Use the Squeeze Theorem to find lim x” sin (l)

(b) Graph the function g(x) and the two functions you found in part (a) that squeeze g(x).

Solution

(1 .
(a) We know that sm(—j oscillates between —1 and 1, so

X
-1< sin[l) <1
X

Since x” > 0, we get




(1
—x? <x? sm(— <x?
X

Taking the limit we get,

lim(—x2 ) < lim x” sin (l) < lim x*
X

x—0 x—0 x—0

x—0

0<limx’ sin(lj <0
Hence, by the Squeeze Theorem lim x” sin (l) =0.
x—0 X

(b) Graph the function g(x) and the two functions you found 1n part (a) that squeeze g(x).

_'w Scratchpad RADE]X tab m

0.02006:000000

f2 (.\')=.\'3

s sin|—
X

-0.020000000000




