2.2 | The Limit of a Function

The Ancients

i. A circle is bisected by any diameter.

ii. The base angles of an isosceles triangle
are equal.

iii. The angles between two intersecting
straight lines are equal.

iv. Two triangles are congruent if they have
two angles and one side equal.

v. An angle in a semicircle is a right angle.

Thales of Miletus
625 —-547 B.C.

Thales was the first known Greek philosopher, scientist and mathematician. He is credited with five
theorems of elementary geometry.
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Library of Parent Functions

Absolute Value Function
Linear Function et ol SEEO
o) =[] = {—x, x <0
f&) =x
}.‘
A
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i
Domain: (— oo, c0)
Range: [0, oo)
Intercept: (0, 0)
Domain: (—oco, c0) Decreasing on (— oo, 0)
Range: (— oo, 00) Increasing on (0, co)
Intercept: (0, 0) Even function
Increasing y-axis symmetry




Quadratic Function

flx) = ax?
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Domain: (— o0, o)
Range: [0, o0)

Intercept: (0, 0)
Decreasing on (— oo, 0)
Increasing on (0, co)
Even function

Axis of symmetry: x = 0

1

3

X

Relative minimum or vertex: (0, 0)

Cubic Function

flx) =2

Domain: (—oo, co)
Range: (—o0, 00)
Intercept: (0, 0)
Increasing on (— oo, oo)
Odd function

Origin symmetry




. Greatest Integer Function
Square Root Function
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Domain: (—oo, o0)
Range: the set of integers

Domain: [0, oo) x-intercepts: in the interval [0, 1)
Range: [0, c0) y-intercept: (0, 0)

Interce]?t: (0,0) Constant between each pair of
Increasing on (0, oo) consecutive integers

Jumps vertically one unit at
each integer value




Rational Function

f(x) =§

Domain: (—oo, 0) U (0, o0)
Range: (—o0, 0) U (0, c0)

No intercepts

Decreasing on (— oo, 0) and (0, o0)
Odd function

Origin symmetry

Vertical asymptote: y-axis
Horizontal asymptote: x-axis

Exponential Function

fx)=a%, a>0,a+#1

Domain: (— o0, co)
Range: (0, oo)
Intercept: (0, 1)
Increasing on (— oo, o)

for f(x) = a*
Decreasing on (— oo, o0)
for f(x) =a*

x-axis is a horizontal asymptote
Continuous




Logarithmic Function Sine Function

fx) =log,x, a >0, a# 1 flx) = sinx

] o

(1,0) o -\ - Wi
] T i 5 \/
-2+
==k .
Domain: (0, oo) Domain: (—oo, o0)
Range: (— oo, o0) IS Range: [—1, 1]
Intercept: (1, 0) Period: 27
Increasing on (0, oo) x-intercepts: (n7r, 0)
y-axis is a vertical asymptote y-intercept: (0, 0)
Continuous Odd function
Reflection of graph of f(x) = a* Origin symmetry

in the line y = x




Cosine Function Tangent Function

f(x) = cos x f(x) = tan x
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Domain: x # — + nm

Domain: (— oo, o0) 2

Range: [—1, 1] Ran_ge: (=00, 00)
. Period: 7
Period: 2 ;
- x-intercepts: (nr, 0)
x-intercepts: (5 + nm, 0) y-intercept: (0, 0)
y-intercept: (0, 1) Vertical asymptotes: x = %r + nw
Even function Odil fneticn

y-axis symmetry Origin symmetry




Cosecant Function

fx) = cscx

sin x
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Domain: x # nwr

Range: (—oo, —1]U[1, o0)
Period: 27

No intercepts

Vertical asymptotes: x = nm
Odd function

Origin symmetry

Secant Function

f(x) = secx

X)=8eCx =
y f() COS X
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Domain: x # 5 + nmw

Range: (—oo0, —1JU[1, c0)
Period: 27

y-intercept: (0, 1)

Vertical asymptotes:

m
xX=—+nm
2

Even function
y-axis symmetry




Cotangent Function

fl(x) = cotx

y {f(x):cotx:L

tan x
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Domain: x # nm
Range: (—oo, c0)
Period:

: T
x-intercepts: (— + nm, O)

2

Vertical asymptotes: x = n

Odd function
Origin symmetry

Inverse Sine Function

f(x) = arcsin x

Domain: [—1, 1]

m
Range: [ > 2]

Intercept: (0, 0)
Odd function
Origin symmetry




Inverse Cosine Function

f(x) = arccos x

N

Domain: [—1, 1]
Range: [0, 7]

. T
y-intercept: (O, 5)

Inverse Tangent Function

Intercept: (0, 0)
: T
Horizontal asymptotes: y = +—

2
Odd function
Origin symmetry




Example | Consider the function f(x)=x"—5x-6.

As x approaches 2, what is the behavior of /' (x)?

Solution

There will be three strategies for analyzing this question.

1.) Graphically
2.) Numerically

3.) Algebraically/Symbolically

In section 2.2, our analysis will be graphical and numerical, the warm and fuzzy way!




f(x)=x"—5x—-6, so what happens to f(x) as x approaches 2?
We write this question mathematically

lim x* —5x—6.

x—2
'}
Y
o1 f(x)=x"-5x—-6
So we write
limx*-5x-6=12.
x—2

x =2 1s called the limit point.




The limit of a function refers to the value that the function approaches, not the actual value (if any).

Example | Consider the function y = f(x) below. Find 1in21 f(x)and f(2).

» 44

y=fx 7
14

3 2 1 0
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Solution
lim f(x) =3
f2)=1

[1] Intuitive Definition of a Limit Suppose f(x) is defined when x is near the
number a. (This means that f is defined on some open interval that contains «a,
except possibly at «a itself.) Then we write

lim f(x) =L

and say “the limit of f(x), as x approaches «, equals L”

if we can make the values of f(x) arbitrarily close to L (as close to L as we like)
by restricting x to be sufficiently close to « (on either side of «) but not equal to a.




An alternative notation for
lim f(x) =L
X—a

is f(x) =L as X—a

which is usually read “f(x) approaches L as x approaches a.”

Notice the phrase “but x not equal to ¢ in the definition of limit. This means that in
finding the limit of f(x) as x approaches a, we never consider x = «. In fact, f(x) need
not even be defined when x = a. The only thing that matters is how f is defined near a.

The figure below shows the graphs of three functions. Note that in part (b), f(a) is not defined

and in part (c), f(a) # L. But in each case, regardless of what happens at a, it is true

that lim, . f(x) = L. : .
f(x) lim f(x) = L in all three cases

y YA YA
L L L
0 a X 0 a X 0 a X

(a) (b) (c)
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Solution

Press menu

El -« E3 E3 3
£
rap [I] X

1 Remove Table (Ctrl+T) RS {BAN’ *Doc RADD X

2 Delete Column 1.500064000000
| 3 Choose...

— | 4 Edt Expression Il caps

" i ctrl 1+ shift
5 Edit Table Settings...

u-v(; \;t::;;: ﬂ(x = | o) "

. «| 001 099908. // 0 sin(x) [ ) D (O (- [+
= 0 1 0_1 : S fllx)= "
-0.508000000000 0.9983341664¢r| « » Hole in the graph l
. (03 1) 0.1 X
. . Sinx 5 >
So it appears, lim——=1. | o !
x—0 X

-0 .50?000000000




Example

Consider the function y = f(x) below. Find liHll f(x).

Solution
Limit from the left
b =W
| lim f(x)=—4
7t o/ x—1
: \
54
al From the left
3t [ ]
2t Limit from the right
14
- lim f(x)=6
-3 2 0 1 2 3 o1
14 X
21
From the right

So what is linll f(x)?

Since,
lim f(x) # lim f(x)
x—1" x—1*
We say,
linll f(x) Does Not Exist
Important Note,
lil’Ill f(x) Does Not Exist.
But,
f(1=3.




[2] Intuitive Definition of One-Sided Limits We write
lim f(x) =1L

x—a~

and say that the left-hand limit of f(x) as x approaches « [or the limit of f(x) as x

approaches a from the left] is equal to L if we can make the values of f(x) arbi-

trarily close to L by restricting x to be sufficiently close to a with x less than a.
We write

lim_f (x) =L

and say that the right-hand limit of f(x) as x approaches a [or the limit of f(x) as x
approaches a from the right] is equal to L if we can make the values of f(x) arbitrarily
close to L by restricting x to be sufficiently close to a with x greater than a.

YA VA
——\
L
F(x) L f(x)
0 X — a X 0 a < x X

(@) lim f(x)=L (b) lim+ flx)=L

X—a x—a




YA YA
N
N
f(x) L L fx)
- > >
0 X — a X 0 a <«— Xx X
(@) lim f(x)=L (b) lim f(x)=L

[3] lim f(x)=L ifandonlyif lim f(x)=L and lim f(x) =L

x—a f x—a— \ x—a+t /

N

Non-directional limit Directional limits
or
One-sided limits




Example | Consider the functiony = f(x) on [0,4] below. Find lim f(x) for a =1,2,3.

Solution

yroo y=f(x)

SEZAN
\ : : =
| xe2[0,4]3 o

Interior points @ =1, a =2, and a = 3.

Ata=1: limf(x) = () «—— left hand limit

x—1

lim f(x)=1~—— right hand limit

x—1"

S (1) =1 «—— value of the function

xX—a

lim f (x) does not exist
x—1

because the left and right
hand limits are not equal!

lim /£ (x)# lim £(x)

x—1 x—1F




Example | Consider the functiony = f(x) on [0,4] below. Find lim f(x) for a =1,2,3.

Solution

yroooy=f(x)
N EEZN
N

1

2 3 4 x
xe[0,4]

Interior points @ =1, a =2, and a = 3.

Ata=2: lim f(x)=1~—— left hand limit

x—>2

lim f (x) =1 «——— right hand limit

x—2"

A (2) =2 +—— value of the function

xX—a

lim £ (x)=1

x—2

because the left and right
hand limits are equal.

lim f(x)= lirgf(x)

x—2




Example | Consider the functiony = f(x) on [0,4] below. Find lim f(x) for a =1,2,3.

Solution

yroo y=f(x)

SEZAN
\ : : =
| 62[0,4]3 o

X

Interior points @ =1, a =2, and a = 3.

Ata=3: lim f(x)=2 < left hand limit

x—>3

lim f (x ) =2 «— right hand limit

x—3"

A (2) =2 +—— value of the function

xX—a

lim f (x)=2

x—2

because the left and right
hand limits are equal.

lir? f(x)= lirg f(x)

All three are equal! I wonder if
that 1s something special?




Example | Consider the function y = f(x) on [0,4] below. Find lim f(x) for a=0,4.

xX—a

Solution

v y=1m

1 \._/\

L2 3
xe[0,4]

|
>
4 X

Limits at the endpoints @ = 0 and a = 4.

Ata=0: lim f(x)=1<~—— right hand limit

x—0"

Ata=4: lim f(x)zl «— left hand limit

x—>4

Limits can only approach through domain values.




3

x -1

Example | /=] Consider the function f(x) =

TI-725pire CX I CAS

x _ 1 ‘@ TEXAS INSTRUMENTS

a. Calculate f(x) for each value of x in the following table.
, -1
b. Make a conjecture about the value of lim :
I—>1 .x - 1 Press menu
x 0.9 0.99 0.999 0.9999
-1
S(x) = : 2.71 2.970 2.997 2.9997
x —
X 1.1 1.01 1.001 1.0001
=1
S(x)= 331 3.0301 3.003001 | 3.00030
*- l ctrl f:::‘llﬂ
Solution — : _ - | ) 80 @ (o[ =
a. Wy | Scratchpad rao [I] X b. hmf(x) =3 =) D =D el |
6.65 AV X 0= » | =1~ — CTaar
= im /()3
| comm ol
w | 11 331 ]
0 k * 101 3.0301 hmf(x) =3
1,001 3.003001 =l
1.0001 3.00030.. |,
-6.65 undef 4«




Example ,f ' Sketch the graph of the function and use it to determine the values from the domain for
which the limit exists.
We need to checka=0and a=m.

* TEXAS INSTRUMENTS Tl Hspire CX I CAS

I+sinx if x<O Ata=0:1im(1+sinx)=1
. x—=0"
f(x)=<cosx 1if 0<x<~x .
) . . lqu cosx =1 I
sinx ifx>rx 0
lim £ (x)=lim f(x)
- x—0" x—>0"
Solution . N H .o )
So, hrrol f(x)=1 and the limit exists at a = 0.
X—>
WY | Scratchpa rap [i] X .
WL thp:‘.ssy 1 Ata:n: llmcosx:_l
1+.>1n(,\) x<0 o
f1lx)= SOS(L\)) 0<x<m hm Sil’lx =0
sinlx), x>m Yot

1%

s
-10 1 :\_/

lim f(x) # 1im+f(x)
So, lim f (x) DNE, hence the limit exists for

S %

values 1n the domain except at a = r.

|#2»
EIEEEE - e e e B
3 £




B Infinite Limits; Vertical Asymptotes

What is the limL2 ?

104
x—)Ox v 1
y=—=
x2
54
| |
lim —- =+ Iim — =+
=07 X x—>0+x2
-5 0 j 5
a—0 a—0

.1
So we say, lim—- = +o.
x—=>0 x




[4] Intuitive Definition of an Infinite Limit Let f be a function defined on
both sides of a, except possibly at a itself. Then

lim f(x) =

xX—a

means that the values of f(x) can be made arbitrarily large (as large as we please)
by taking x sufficiently close to a, but not equal to a.

U/ a T~—x




A similar sort of limit, for functions that become large negative as x gets close to 4, is defined in
Definition 5.

El Definition Let f be a function defined on both sides of «, except possibly at
a itself. Then
lim f(x) = —oo

X—a

means that the values of f(x) can be made arbitrarily large negative by taking x
sufficiently close to a, but not equal to a.

YA
X=da
AN
0 a X
y=rf)
lim f(x) = —o

xX—a




Similar definitions can be given for the one-sided infinite limits

lim f(x) = oo lim f(x) = o0
lim f() =~ lim f(x) = —0
YA v 4 YA

Ny, LT

YA

/Y\/ax oa\; o\a

(a) lim f(x)= oo (b) lim_f(x) = co (¢) lim f(x)=—co

x-a x—=a x-=a

=Y

() lim_fi(x)=—co

xX-=a

curve y = f(x) if at least one of the following statements is true:

El Definition The vertical line x = a is called a vertical asymptote of the

lim f(x) = o lim f(x) = ° lim, f(x) = =
lm f() = = lm f()=—  lim f(x) =~

=Yy




Example | Given the function y = f(x) below, find the given limits and determine any vertical asymptotes.

a) lirg f(x)= 4

b) lim /()= —o

x=2

- N w ~ o > ~ © © o

-12-11 10 -9 -8 -7 -6

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
5
|
|
|
|
|
|
|
|
|
|
|
|

e

0
1
2
3
4
5
6

¢) lim f(x)= DNE e) lim f(x)= + g) lim f(x)= +oo

d) f(-1)= 0 f) liﬁsl f(x)=+©




Example Use a table of values to estimate the value of the limit.

If you have a graphing device, use it to confirm your result
graphically.

. . 4{ =
lim In(sin x) ypx=0
x—07F
Solution
0 -
Let f(x)=In(sinx) !
X Y
1 -0.1726 *
0.1 -2.30425 I
o001 o0are . f(3)=in{sin)
0.000001 -13.8155 |
1E-12 -27.631

lim In(sin x) = —o0

x—07t

lim In(sin x) = —o0
x—07F

Hence, there is a vertical asymptote x = 0.




Example

Use a table of values to estimate the value of the limit.
If you have a graphing device, use it to confirm your result

graphically.

A
. 5'—1 Y
lim
t—0 t
44
Solution
5" -1
Letf(1)=—
[
t—>0 t—>0" 21
1 08 1 4 (0, 1.609)
-0.1 1.486601 0.1 1.746189
-0.01 1.596556 0.01 1.622459
-0.001 1.608143 0.001 1.610734 0 X
-0.0001 1.609308 0.0001 1.609567
-0.00001 1.609425 0.00001 1.609451

lim /(¢)=1.609

x—0"

lim £(7) = 1.609

Hence, there is a hole (0, 1.609).




